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Vertex algebras

A vertex algebra V is a vector space with the additional data

(Y, T,1), where the state-field correspondence Y is a map
Y:V —EndV[z 2z "]

1is a vacuum vector 1 € V,

and the infinitesimal translation T is an operator

T:V—>V.
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These data must satisfy certain axioms. For a € V we write
Y(@z)=) amz "', apmcEndV,
nez
the elements a(,) are called the Fourier coefficients of a.

Each formal series Y(a,z) € End V[[z, z~"]] must be a field:

for any b € V we must have g, b = 0 for n>> 0.
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» Translation covariance: [T, Y(a,z)] =0:Y(a,2).
» Vacuum axioms: T1 =0,

Y(a,z)1 is a power series in z and

Y(a,z)1|;—0 = a, Y(1,z) =id.

» Locality: foralla,b e V,

(z—w)NY(a,2)Y(b,w) = (z—w)NY(b,w)Y(a,z), N> 0.

Remarks. T is determined by Y: Ta=a_p1.
Moreover, Y(Ta z)=0;Y(a z).
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Example. Let V be a commutative associative algebra with 1
andlet T: V — V be a derivation.
Then V is a vertex algebra with the vacuum vector 1, the

infinitesimal translation T and
Y(a,z) is the operator of multiplication by €*’a.
V is a commutative vertex algebra.

A general vertex algebra can be viewed as a vector space with

the multiplication depending on z:

a:b=Y(a,z)b.
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The span in End V of all Fourier coefficients a,) of all vertex
operators Y(a, z) is a Lie subalgebra of End V.
The commutator of Fourier coefficients is given by

the Borcherds identity:

b(k :Z< > a(” m+kfn)’

» Hence, if a b =0forallaec V and n > 0, then all Fourier

coefficients b, belong to the center of this Lie subalgebra.
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Center of a vertex algebra

The center Z(V) of a vertex algebra V is the subspace of V
defined by
Z(V)={beV|amb=0 forall acV and nZ>0j}.

» Z(V)is T-invariant.
» Z(V)is a commutative associative algebra with
ab:=a_q)b, a,be Z(V).

» The vacuum vector 1 is a unit, T is a derivation.
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Vertex algebra associated with g,

The affine Kac-Moody algebra gA[n = gl,[t,t7'] © CK has the

commutation relations

5//'5;«
[e,-j[r], ek,[s]} = Oy eil[r+s]—d;, ekj[r+s]+K<5kj5,-,—T) roy s,
and the element K is central.

In particular, for any r the element eq{[r] + - + epn|r]

belongs to the center of gA[,,.
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Let k € C.
Introduce the vector space V,(gl,) as the quotient of
the universal enveloping algebra U(ﬁ[n) by

the left ideal generated by gl,[f] and K — &:

Vi(gln) = U(é\[n)/U(g[n) (Q[n[t] +C(K - H))

We view V,.(gl,) as a gl,-module. It is called

the vacuum representation of level .
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As a vector space, V. (gl,) will be identified with U(t~1g(,[t~]).
» V.(gl,) is a vertex algebra.

The vacuum vector is 1,

T:1—0, [T, eij[rH = —rej[r—1].

The state-field correspondence Y is defined as follows. First,

Y(ei[-1],2) = > eglmlz=™ 1 = ey(2).

meZ
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Furthermore, for any r > 0 we get

Vejlr—11.2) = L V(Te~1].2) = ~ey(2).

In order to define Y(ejj,[—r1 —1]... &jjn[—rm — 1], 2),

we need to use normal ordering.



Let

a(z) = Z a(,)z"‘1

rez

and

b(w)

Z b(r) w

rez



Let

a(z)=> apnz ' and  bw)=) byw .

rez rez

Then the normally ordered product is

ra(z)b(w): = a(z)+ b(w) + b(w)a(z)-—,



Let

z) = Z a(,)z"‘1 and b(w) = Z b(r) w1

rez rez

Then the normally ordered product is
La(z)b(w): = a(2)+ b(w) + b(w)a(2)_,

where

2)y =Y apnz ™' and  a(z)-=> apnz .

r<0 r=0



Now, for any r; > 0 we have

Y(eijl=ri =11 €ijpl—rm =11, 2)
1
= 0P e (2) . O e (2)

with the convention that the ordered product is read

from right to left.
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Example. We have

Y(ej[—1]ew[—1],2) =: €j(2) en(2) :
— Z (Z ejlrl en[s]z 572 + Z ex[s] ejlr] z‘r‘3_2>.
seZ r<0 r=0
Hence, for the Fourier coefficients we have
(es[—11 €ul—11) => el ewm—r—11+>_ elm—r—1] g;lr].
r<0 r=0

The local completion of the universal enveloping algebra
U(ﬁ[,,) at the level k is the Lie algebra U;@(a[n)loc spanned by the

Fourier coefficients of the fields Y(a, z) with a € V.(gl,).
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The center of V,(gl,)

By a Segal-Sugawara vector S we will mean any element of
the center of the vertex algebra V,.(gl,), that is, any element

S € Vi(gl,) satisfying gl,[t] S = 0.

If K # —n, then the center of V,.(gl,) is trivial, i.e., coincides with

the algebra of polynomials in
enil-1+- -+ eml-1], enl-2]+ -+ em[-2]

Remark. n = hY is the dual Coxeter number for sl,,.
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From now on suppose x = —n, the critical level.
Example.
The quadratic element
n
S=Y ejl-1]eil-1]
ij=1
is the classical Segal-Sugawara vector.

Remark. If k # —nthen the Fourier coefficients of the field

1

s V(82

generate an action of the Virasoro algebra on V. (sl,)

(the Sugawara construction).
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Set

3(gl,) = the center of the vertex algebra  V_p(al,,).

This is a T-invariant commutative subalgebra of U(t~'gl,[t~']).

For any element S € U(t 'gl,[t~']) denote by S its highest
degree component with respect to the natural filtration in the

universal enveloping algebra.



Segal-Sugawara vectors
St,...,Sn e Ut gly[t™])

form a complete set of Segal-Sugawara vectors, if the highest
degree components Sy, ..., S, coincide with the images of
certain algebraically independent generators of the algebra of
invariants S(gl,,)®" under the embedding

S(gl,) — S(t'gl,[t~1]) defined by e — e;[—1].
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Theorem (T. Hayashi ’88, R. Goodman & N. Wallach ’89,
B. Feigin & E. Frenkel '92).

There exists a complete set Sy, ..., S, of Segal-Sugawara

vectors and

3(al,) =C[T'S/ |I=1,....n, r>0].



Explicit formulas for Segal-Sugawara vectors



Explicit formulas for Segal-Sugawara vectors

We will need the extended Lie algebra g[,, @ Cr, where for the

element 7 we have the relations

[r.eilr] = —rejlr -1, [r.K] =0.



Explicit formulas for Segal-Sugawara vectors

We will need the extended Lie algebra g[,, @ Cr, where for the

element 7 we have the relations

[r.eilr] = —rejlr -1, [r.K] =0.

Notethat Ta=|[r,a] forany aec V_p(gl,).



For an arbitrary n x n matrix A = [a;] with entries in a ring we

define its column-determinant cdet A by the formula

cdetA = ngna “8y(1)1 -+ Ao(n)n>

summed over all permutations o of the set {1, ..., n}.



Consider the n x n matrix 7 + E[—1] given by

T+en[-1] en[-1 ... en[-1]

B[] = en[-1]  7+ex[-1] ...  ex[-1]

ent[—1] en[—1] T-l—enn[_‘l]_
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Theorem (A. Chervov & A. M. ’09).

The coefficients Sy, ..., S, of the polynomial
cdet(7 + E[-1]) ="+ S+ + ST+ Sy

form a complete set of Segal-Sugawara vectors in V_p(gl,).

Hence, 5(5[,,) is the algebra of polynomials,

3(aly) =C[T'S/[I=1,....m r>0].
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Examples.

If n =2 then

cdet(r + E[—1]) = (7 + en1[-1]) (7 + exx[—1]) — ex1[—1]e12[—1]

272+S17'—|—82



Examples.

If n =2 then

cdet(r + E[—1]) = (7 + en1[-1]) (7 + exx[—1]) — ex1[—1]e12[—1]
=724 Sit+ S

with

St = ey1[-1] + exn[-1],

So = ey [—1] 622[—1] — €21 [—1] 612[—1] + 622[—2].



Regarding the Lie algebra sl, as the quotient of gl,, by the
relation e11 + - - - + enn = 0, we obtain the respective complete
set of Segal-Sugawara vectors in V_,(sl,). In particular, the
vector Sy vanishes, while S, coincides with the canonical

quadratic element, up to a constant factor.
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Proof. A matrix A = [a;] over a ring is a Manin matrix if

ajj ax) — day ajj = axj ajj — ajj Akj for all possible i,j, K, I

Lemma. The matrix 7 + E[—1] with entries in
the algebra U(t~'gl,[t~'] ® C7) is a Manin matrix.
Check that for all i, j

ej[0] cdet(r + E[-1]) =0  and

enn[1] cdet(r + E[-1]) =0

in the gl,-module V_,(gl,,) ® C[7].
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Corollary. For any k > 0 all coefficients Py in the expansion
tl‘(’]’ + E[—1])k = Pko’]’k + Pk1 ’7'k_‘1 + .-+ Pkk

are Segal-Sugawara vectors in V_u(gl,,).
Moreover, the elements P4, ..., Pn, form a complete set of
Segal-Sugawara vectors.

Hence, g,(ﬁ[n) is the algebra of polynomials,

3(al) =C[T'Py|I=1,....n r>0].



Proof is based on the Newton formula

(A. Chervov & G. Falqui, '08):

cdet(u + 7 + E[—‘I])f1 - Oy cdet(u + 7 + E[-1])

=> (=D u T w(r + E[-1])K.

k=0



Proof is based on the Newton formula

(A. Chervov & G. Falqui, '08):

cdet(u + 7 + E[—‘I])f1 - Oy cdet(u + 7 + E[-1])

—Z( 1)k tr(7 + E[-1])¥.

Examples. We have

Pio=n, Py =tE[-1]

Pxy=n, Py =2uwE[-1], P =tE[-1]P?+uwE[-2],
Pxy=n, P33 =3twE[-1], Py =3twE[-1]>+3wE[-2],
P33 = tr E[-1]® + 2tr E[-1] E[-2] + tr E[-2] E[-1] 4+ 2tr E[-3].



Proof is based on the Newton formula

(A. Chervov & G. Falqui, '08):

cdet(u + 7 + E[—'I])f1 - Oy cdet(u + 7 + E[-1])

_Z( 1)k tr(7 + E[-1])¥.

Examples. We have

Pio=n, Py =tE[-1]

Pxy=n, Py =2wE[-1], Py =tE[-1]?+uwE[-2],
Pxy=n,  Ps=3twE[-1], P =3twE[-1]>+3wE[-2],
Psz = r E[-1]® + 2w E[-1] E[-2] + r E[-2] E[-1] 4+ 2w E[-3].
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Center of the local completion

Recall that in the vertex algebra V_,(gl,) we have
ej(z) = Y(ej[—1], z) with

e,-/-(z):Ze,-j-[r]z—’—1, ij=1,...,n.

rez

Recall also that the local completion of U(gl,,) at the critical
level kK = —nis the Lie algebra U_,,(gT[,,)lOC spanned by the

Fourier coefficients of the fields Y(a, z) with a € V_,(gl,).



Introduce the n x n matrix 9, + E(z) by

Oz +en(z) en(z) ... en(2)

9 1 E(2) = ex(z) Oz +exn(z) ... e2n(2)

en1(2) en2(2) .. Oz+em(2)
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Equivalently, the fields S)(z) are given by S)(z) = Y(S;, 2).
Example. For n = 2 we have

Si(z) = er1(z2) + ex(2),

So(2) = :e11(2) exn(2) : — : e21(2) €12(2) : + €55(2).



Expand the normally ordered column-determinant
cedet(8; + E(2)) : =80+ 81(2) 87+ -+ 8,_1(2) 2+ Sn(2).
Equivalently, the fields S)(z) are given by S)(z) = Y(S;, 2).
Example. For n = 2 we have

Si(z) = er1(z2) + ex(2),

So(2) = :e11(2) exn(2) : — : e21(2) €12(2) : + €55(2).
The fields Py /(z) = Y(Px, z) corresponding to the
Segal-Sugawara vectors Py are given by

w(0; + E(2))" = Pro(2) 0 + Pt (2) 0 + - + Pu(2)-



The center of the local completion U—n(é\[n)loc at the critical
level is the vector subspace 3(gl,) which consists of the

elements commuting with gl,,.



The center of the local completion U—n(é\[n)loc at the critical
level is the vector subspace 3(gl,) which consists of the

elements commuting with gl,,.

Corollary. The center 3(gl,) of the local completion U_n(gl,)ioc
consists of the Fourier coefficients of all differential polynomials
in either family of the fields S{(z2),..., Sn(z) or

P4 (Z), ceey Pnn(Z).
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Sugawara operators in Verma modules

Let A = (A1,...,Ap) with \; € C. The Verma module M()) of
the critical level over gT[,, is the universal module generated by a

nonzero vector ¢ (the highest vector) satisfying the conditions

eil0]§ = Ai & for i=1,...,n,
ej[0]¢ =0 for i<j,
gj[r]¢ =0 forall i,j and r>1,

K& = —né.
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A singular vector of the Verma module is any nonzero vector

n € M()) satisfying the conditions

ej[0]n =0 for i</,

ej[rln =0 forall i,j and r>1.

Write

Si(z2)=) Sz

rez



A singular vector of the Verma module is any nonzero vector

n € M()) satisfying the conditions

ej[0]n =0 for i</,
ej[rln =0 forall i,j and r>1.
Write
Si(z2)=) Sz
rez
If  is a singular vector, then sois S; (,yn forany I =1,...,n

andr < /- 2.



Corollary. If \j = X\j+j—i¢{0,1,...} forall i < j, then the

space of singular vectors of M(\) is
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Corollary. If \j = X\j+j—i¢{0,1,...} forall i < j, then the

space of singular vectors of M(\) is

C[S)-2); Si1-3)--- [1=1,...,n]&.

Example. For n =2 we have Sy ;) = e1[r] + ex[r] and

o0

SZ,(r) = Z (911[3] ex[r—s— 1] — ex[s]e2[r — s — 1])
s<0

+Z (922[f— s—1]e1[s] — e12[r — s — 1] enq [S])
s>0

— reoo[r—1J.
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power series in z which we denote respectively by

Z)+ = Z Sl—j_(r)ziri‘I and Pk/ + = Z Kl (f

r<0 r<0



Commutative subalgebras in U(t'gl,[t7'])

By the vacuum axiom of a vertex algebra, the application of the
fields S;(z) and Py/(z) to the vacuum vector 1 of V_,(gl,) yields

power series in z which we denote respectively by

Z)+ = Z Sl—j_(r)ziri‘I and Pk/ + = Z Kl (f

r<0 r<0

More explicitly, set

ej(2)+ =Y ez, ij=1,....n
r<0



Consider the matrix

07 +e11(2)+ e2(2)+ . e1n(2)+

OrLE(2), — e1(2)+ 07 +exn(2); ... en(2)+

en(2)+ en(2)+ . Ozt enn(2)+




Consider the matrix

07 +e11(2)+ e2(2)+ . e1n(2)+
OrLE(2), — e1(2)+ 07 +exn(2); ... en(2)+

| ent (2)+ en(2)+ . Ozt enn(2)+
Then

cdet(d; + E(2)1) = 0 + S1(2), 077"+ -+ Sp_1(2) . 02 + Sn(2),



Consider the matrix

07 +e11(2)+ e2(2)+ . e1n(2)+
OrLE(2), — e1(2)+ 07 +exn(2); ... en(2)+

| ent (2)+ en(2)+ . Ozt enn(2)+
Then

cdet(d; + E(2)1) = 0 + S1(2), 077"+ -+ Sp_1(2) . 02 + Sn(2),

k _
tr(9; + E(2)+)" = Pro(2), 0 + Pi1(2), 05" + -+ + Pu(2),.-



Corollary. The elements of each of the families

Sf(r) with /=1,...,n and r<0,

Plj/,(r) with 0</<k and r<o,

belong to 3(gl,,). In particular, they commute pairwise.



Corollary. The elements of each of the families

Sf(r) with /=1,...,n and r<0,

Plj/,(r) with 0</<k and r<o,

belong to 3(gl,,). In particular, they commute pairwise.

Moreover, 3(5[,7) is the algebra of polynomials

5(9l) =[S,y [1=1,...,n, r<0]

:C[Pf;’(r)]/:L...,n; r <0].
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U(t~"gl,[t~1]) was originally discovered by D. Talalaev '06 in a
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Remarks. The first family of commuting elements in
U(t'gl,[t~"]) was originally discovered by D. Talalaev '06 in a
slightly different form.

The results were extended by A. Chervov and D. Talalaev '06 to
get central elements in the local completion U_ (gl )ioc.

The fact that the elements S,T(r) and the elements TS,
generate the same commutative subalgebra of U(t~'gl,[t~])
was established by L. Rybnikov ’08. Each of them coincides
with the centralizer of the element S..

The second subalgebra was constructed earlier

by B. Feigin, E. Frenkel and N. Reshetikhin, '94.
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Let w9 denote the algebra of polynomials
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Classical W-algebra for gl,,
Let w9 denote the algebra of polynomials
mo=Clbi[r] |i=1,...,n; r <O0]

in the variables b;[r], which we consider as a (commutative)

vertex algebra.

The translation operator on m is defined by

T1=0, [T,b,[f” :—I’bi[f—1].



Introduce the operators

Q; : mg — T, i=1,...

0

> d
Z_% AZ Z) (ab,-[—r— 11

Objyq[—r—1]

).



Introduce the operators

Qj : mg — o, i=1,...,n—1,

> d d
Z_%AZ Z) (ab, r—1]_8b,-+1[—r—1]>'

Here,
bi(\) = (Bi[=A] = bip1[=M]) - - (bi[=Ap] = bis1[=Xp]),
Zy=1"my12™my! ... r'"rm,!,

where my is the multiplicity of k in A.



The first few terms:

90
obi[-1]  0bjp4[-1]

Qi

+ (b1~ by [-1]) (ab,?—z] - 8b,-j[—2])

bi[~2] - bip1[-2] + (bi[1] = by [-1])
+ 2

0 0
. <3b/[—3] - 8bi+1[—3]) e




The classical W-algebra W(gl,,) consists of the elements of 7,

annihilated by all operators Q;,

Wl) =[] KerQ.

1<ig<n—1
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The classical W-algebra W(gl,,) consists of the elements of 7,

annihilated by all operators Q;,

Wl) =[] KerQ.

1<ig<n—1

Example. The following are elements of WW(gl3):
By = by[-1] + bo[—1] + bs[—1],
By = by[-1] bo[-1] + by [-1] bs[-1] + bao[-1] b5[-1]

+2b;[-2] + by[ 2],



The classical W-algebra W(gl,,) consists of the elements of 7,

annihilated by all operators Q;,

Wl) =[] KerQ.

1<ig<n—1

Example. The following are elements of W(gls):

By = by[—1] + bo[—1] + bs[1],

By = by[—1] by[—1] + by[—1] bs[—1] + bs[—1] bs[—1]
+2by[~2] + ba[2],

Bs = by[—1] by[—1] bs[—1] + by[~2] ba[—1]

+ b1[=2] bs[—1] + b1 [—1] b2[-2] + 2 b1 [-3].



The Weyl algebra A(gl,) is generated by the elements gj|r]

withreZ,i,j=1,...,nand  # j and the defining relations
aj(r], amlsl] = 6,;0;/6, s for i<}

all other pairs of the generators commute.



The Weyl algebra A(gl,) is generated by the elements gj|r]

withreZ,i,j=1,...,nand  # j and the defining relations
aj[r], auls]] = 04300, s for i<}
all other pairs of the generators commute.

The Fock representation M(gl,) of A(gl,) is generated by a

vector |0) such that for i < j we have

aj[r]0)=0, r>0 and  &r]|0)=0, r>0.
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the elements aq[r] and a1 [r] with r € Z.
The defining relations are [aj2[r], a21[s]] = 6, _s.

The Fock representation M(gl,) is generated by a vector |0)

such that
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Example. For n = 2 the Weyl algebra A(gl,) is generated by

the elements aq[r] and a1 [r] with r € Z.
The defining relations are [aj2[r], a21[s]] = 6, _s.

The Fock representation M(gl,) is generated by a vector |0)

such that
a2[r]]0) =0, r>0 and  ax[r]/0)=0, r>0.

The elements of M(gl,) are polynomials in the a;»[r] with r < 0

and a1 [r] with r < 0 applied to |0).



The vector space M(gl,) carries a vertex algebra structure. In
particular, |0) is the vacuum vector, and for i < j we have

Y(aj[-1]10),2) = > aylrz """ =: a(2)

rez

Y(&;[0]10), z Zaﬂ[r]z " =: agji(2).

re’z



The vector space M(gl,) carries a vertex algebra structure. In

particular, |0) is the vacuum vector, and for i < j we have

Y(aj[-1]10),2) = > aylrz """ =: a(2)

rez

Y(a;[0]10),2) = > a;lr]z™" = aj(2).

re’z

Key fact (M. Wakimoto ’86, B. Feigin & E. Frenkel '88).

There exists a vertex algebra homomorphism

p: Von(aly) — M(glp) ® mo.



Example. For n = 2 the explicit formulas are

e12(2) — a2(2)

e11(2) — — :ax(2)ar(z) : + bi(2)
02(2) — : a1 (2)ara(2) : + ba(2)
e1(2) — — :ap(2)%a12(2) : — 208, a(2)

+ a1(2) (b1(2) — b2(2)),

where

bi(z)=> bz

r<0
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~

The image of the center 3(gl,) of the vertex algebra V_,(gl,,)

under the homomorphism p is contained in 7y = 1 ® .

This image coincides with the classical W-algebra W(gl,,).

Corollary.
p:cdet(r + E[-1]) — (7 + bp[—1]) -+ (7 + b1[-1]),

where [7,bi[r]] = —rbj[r —1].



~

The image of the center 3(gl,) of the vertex algebra V_,(gl,,)

under the homomorphism p is contained in 7y = 1 ® .

This image coincides with the classical W-algebra W(gl,,).

Corollary.

p : cdet(t + E[—1]) — (T+ bn[*ﬂ) (TJF b [*1])a
where [, bi[r]] = —rbi[r —1].
Hence, W(gl,)=C[T'B;|i=1,...,n, r>0], where

(T+bn[—1])"'(T+b1[—1]) =7"+ By =1 +---+ By



Corollary.

o0

p: Y thu(r + E[-1])¥

k=0

»—>i< 1—t(r+by[— 1])) "'(1_t(7—+b"[_1]))71
X <1 —t(T+bi—1[—1])> (1 _t(T+b1[_1]))’

where t is a complex variable.
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Eigenvalues in the Wakimoto modules

Take an n-tuple

xX(t) = (xa (1), -, xa(t)), = xilrt e c((1).

rez
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X() = (xa()..oxa(®), xi(t) = _xilrlt " e C((1)).

rez

A gl,-module structure on the vector space M(gl,,) can be
obtained by replacing the b;(z) by x;(z) in the formulas for the

homomorphism p.



Eigenvalues in the Wakimoto modules

Take an n-tuple

X() = (xa()..oxa(®), xi(t) = _xilrlt " e C((1)).

rez

A gln—module structure on the vector space M(gl,) can be
obtained by replacing the b;(z) by x;(z) in the formulas for the

homomorphism p.

We obtain the Wakimoto modules of critical level W, ).



Example. For n = 2 the explicit formulas are

e1a(2) — ars(2)
e11(z) = — rax(2)an(z): +x1(2)
€22(2) — : a1(2)ar2(2) : +x2(2)
e1(2) — — :ap(2)2a12(2) : — 28, ax(2)

+ (x1(2) = x2(2)) a21(2).



The elements of the center 3(5[,,) of U,,,(Q[,,)loc act on the

Wakimoto modules W, ;) as multiplications by scalars.



The elements of the center 3(5[,,) of U,n(gln)loc act on the
Wakimoto modules W, ;) as multiplications by scalars.

Corollary.

cedet(9; + E(2)) 1 = (024 xn(2)) - (02 4+ x1(2))



The elements of the center 3(5[,,) of U,n(gln)loc act on the
Wakimoto modules W, ;) as multiplications by scalars.

Corollary.
cedet(9; + E(2)) 1 = (024 xn(2)) - (02 4+ x1(2))
and

Zt" (9 + E(2))°

n

— Z (1 — t(0; +X1(z)))

i=1

(1t + @)

x (1 _ t(az+x/_1(z))) (1 — (0, +x1(z))).



Example. If n = 3, then

s cdet(d; + E(2)) := 02 + S1(2) 02 + Sz(2) 97 + S3(2)



Example. If n= 3, then

s cdet(d; + E(2)) := 02 + S1(2) 02 + Sz(2) 97 + S3(2)

and

Si(2) = x1(2) + x2(2) + x3(2),

S2(2) = x1(2) x2(2) + x1(2) x3(2) + x2(2) x3(2) +2x7(2) + x2(2),
S3(2) = x1(2) x2(2) x3(2) + x71(2) x2(2) + X1 (2) x3(2)

+x1(2) x2(2) + X1 (2).



