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Lecture 2. Yangians: algebraic structure

Recall E = [Ejj] with i,j € {1,..., N}. We have
[Eij, (E®)ut) = 0k (E®)ir — 61 (E®) k-

This implies that tr E° are Casimir elements for gl

(the Gelfand invariants).



Lecture 2. Yangians: algebraic structure

Recall E = [Ejj] with i,j € {1,..., N}. We have
[Eij, (E®)ut) = 0k (E®)ir — 61 (E®) k-

This implies that tr E° are Casimir elements for gl
(the Gelfand invariants).

More generally, we have

[(E™ )5, (Bl = [(E)i (B )il = (E" )i (E*)ir—(E®)ig(E )i,

where r,s > 0 and E® = 1 is the identity matrix.



Yangian for gl

Definition
The Yangian for gl is the associative algebra over C with
countably many generators t:g ), t,5.2), ... where i, j=1,... N,

and the defining relations
+1) (s+1
[ti(jr tkl ] [tu ’tkl )] = tk_/) ;(s) tl(;) ti(lr)7

where r,s =0,1,... and t,-(jo) = 0jj.



Yangian for gl

Definition
The Yangian for gl is the associative algebra over C with
countably many generators t:g ), t,5.2), ... where i, j=1,... N,

and the defining relations
+1) (s+1
[ti(jr tkl ] [tu ’tkl )] = tk_/) ;(S) tl(;) ti(lr)7

where r,s =0,1,... and t,-(jo) = 0jj.

This algebra is denoted by Y(gly).



Introduce the formal generating series

(1) ut

ty(u) = 65 + ¢ 0™t + e 4 € Y(gly)[[u )

The defining relations take the form

(u =) [tij(u), tu(v)] = tig(u) tu(v) — tii(v) ti(u).



Introduce the formal generating series

(1) ut

ty(u) = 65 + ¢ 0™t + e 4 € Y(gly)[[u )

The defining relations take the form

(u =) [tij(u), tu(v)] = tig(u) tu(v) — tii(v) ti(u).

The defining relations are equivalent to

min{r,s}

[ { ,tk/ ] Z (t,((;_l)t,-(/r+s_a) o t,((H_S a)tl(/ )>'

a=1



Proposition
The assignment

oy ti(u) — 0 + Ejut

defines a surjective homomorphism Y (gly) — U(gly). Moreover,
the assignment

Ej— tl-(jl)

defines an embedding U(gly) — Y(gly).



Proposition
The assignment

oy ti(u) — 0 + Ejut

defines a surjective homomorphism Y (gly) — U(gly). Moreover,

the assignment

Ej— tl-(jl)
defines an embedding U(gly) — Y(gly).

We may regard U(gly) as a subalgebra of Y(gly).



Matrix form of the defining relations

Introduce the N x N matrix T(u) whose ij-th entry is the series
tij(u). We regard T(u) as an element of the algebra

EndCN @ Y(gly)[[u™]]. Then

N
T(u) =) & ® ty(u),

ij=1

where ej; € End CN are the standard matrix units.



For any positive integer m consider the algebra
(EndCM)®™ @ Y(gly).

For any a € {1,..., m} denote by T,(u) the matrix T(u) which
corresponds to the a-th copy of the algebra End C" in the tensor

product algebra.



For any positive integer m consider the algebra
(EndCM)®™ @ Y(gly).

For any a € {1,..., m} denote by T,(u) the matrix T(u) which
corresponds to the a-th copy of the algebra End C" in the tensor
product algebra. That is, T,(u) is a formal power series in u~!
given by

N
To(u) =Y 1970 g e; © 19072 @ t(u),
ij=1

where 1 is the identity matrix.



N
C: Z CUk/eU®ekIEEnch®Ench,
ij,k,/=1

then for any two indices a, b € {1,..., m} such that a < b, define

the element C,p, of the algebra (End CN)®™ by

N
Cap = Z Cijkl 1®(a—1) X ej® 1®(b—a—1) R e X 1®(m—b).
i7j7k7I:1

The tensor factors ej; and ey belong to the a-th and b-th copies of

EndCV, respectively.



Consider now the permutation operator

N
P=>) e;j®eicEndC"®EndCV.
ij=1



Consider now the permutation operator

N
P=>) e;j®eicEndC"®EndCV.
ij=1

The rational function
R(u)=1— Pu™1

with values in End CN @ End CV is called the Yang R-matrix.



Proposition

In the algebra (End CN)®3(u, v) we have the identity

R12(U) R13(U + V) R23(V) = R23(V) R13(U + V) R12(u).



Proposition

In the algebra (End CN)®3(u, v) we have the identity

R12(u) R13(U + V) R23(V) = R23(V) R13(U + V) R12(u).

This relation is known as the Yang—Baxter equation. The Yang

R-matrix is its simplest nontrivial solution.



Proposition
The defining relations of the algebra Y (gly) can be written in the

equivalent form

R(u—v) Ti(u) Ta(v) = Ta(v) T1(u) R(u — v).



Proposition
The defining relations of the algebra Y (gly) can be written in the

equivalent form

R(u—v) Ti(u) Ta(v) = Ta(v) T1(u) R(u — v).

Here Ty1(u) and T»(v) as formal power series with the coefficients
in the algebra
EndCM @ EndCM @ Y(gly).



Proposition
The defining relations of the algebra Y (gly) can be written in the

equivalent form

R(u—v) Ti(u) Ta(v) = Ta(v) T1(u) R(u — v).

Here Ty1(u) and T»(v) as formal power series with the coefficients

in the algebra
EndCM @ EndCM @ Y(gly).

The matrix relation is called the RTT relation (or ternary relation).



Symmetries of Y(gly)
Let f(u) be a formal power series in u~! of the form
fluy=1+hut+hu?+---cClu 1.

Let ¢ € C and let B be any nonsingular complex N x N matrix.



Symmetries of Y(gly)
Let f(u) be a formal power series in u~! of the form
fluy=1+hut+hu?+---cClu 1.

Let ¢ € C and let B be any nonsingular complex N x N matrix.

Proposition. Each of the mappings

T(u) = f(u) T(v), (1)
T(u)— T(u—c), (2)
T(u)— BT(u)B™! (3)

defines an automorphism of Y (gly).



Proposition. Each of the mappings

on: T(u)— T(—uv),
t: T(u)— T(uw),

S: T(u)— T Yu)

defines an anti-automorphism of Y(gly).



Proposition. Each of the mappings

on: T(u)— T(—uv),
t: T(u)— T(uw),

S: T(u)— T Yu)

defines an anti-automorphism of Y(gly).

Corollary. The mapping
wy: T(u) = T —u)

defines an involutive automorphism of Y(gly).



Poincaré—Birkhoff-Witt theorem

Theorem
Given an arbitrary linear order on the set of generators tlg.r), any
element of the algebra Y(gly) can be uniquely written as a linear

combination of ordered monomials in these generators.



Poincaré—Birkhoff-Witt theorem

Theorem
Given an arbitrary linear order on the set of generators tlg.r), any
element of the algebra Y(gly) can be uniquely written as a linear

combination of ordered monomials in these generators.
Corollary. Consider the ascending filtration on Y (gly) defined by
deg t,-(jr) =r.

The graded algebra gr Y(gly) is an algebra of polynomials.



Hopf algebra structure

A coalgebra (over the field C) is a vector space A equipped with
linear maps A : A — A® A, the comultiplication, and e : A — C,

the counit, satisfying some axioms; e.g.,

AAQA L9 A0 A

aon] Ta

ARA — A
A

the coassociativity of A.



A bialgebra is an associative unital algebra A equipped with a
coalgebra structure, such that A and ¢ are algebra
homomorphisms. In particular, then we have A(1) =1® 1 and

e(l)=1.



A bialgebra is an associative unital algebra A equipped with a
coalgebra structure, such that A and ¢ are algebra
homomorphisms. In particular, then we have A(1) =1® 1 and

e(l)=1.

A bialgebra A is called a Hopf algebra, if it is also equipped with
an anti-automorphism S : A — A, the antipode, such that the

following two diagrams commute:

S®id id®S

ARA —/—— ARA ARA — ARA
al l“ al l"
A — A A — A

doe doe



Theorem

The Yangian Y(gly) is a Hopf algebra with comultiplication

N
A t(u »—>Zt,k u) @ tyi(u
k=1

the antipode
S: T(u)— T_l(u),

and the counit e : T(u) — 1.



Quantum determinant

For any m > 2 introduce the rational function R(u,..., un) with

values in the tensor product algebra (End CV)®™ by
R(ul, ey um) = (Rm—l,m)(Rm—Z,mRm—2,m—1) N (le e R12)7

where vy, ..., Uy are independent complex variables and we

abbreviate Rjj = R;j(uj — u;) = 1 — Py(u; — uj) L.



Quantum determinant

For any m > 2 introduce the rational function R(u,..., un) with

values in the tensor product algebra (End CV)®™ by

R(Ula ) um) = (Rm—l,m)(Rm—Z,mRm—2,m—1) v (le cee R12)7

where vy, ..., Uy are independent complex variables and we

abbreviate R,'j = R,'J'(U,' — UJ') =1- P,-J-(u,- — uj)fl.
Using the Yang—Baxter equation, we get

R(ul, ceey um) = (R12 e le) N (Rm—2,m—1Rm—2,m)(Rm—1,m)-



Applying the RTT relation repeatedly,

we come to the fundamental relation

R(ui, ... um) Ti(u1) ... Tm(tm) = Tm(tm) ... T1(v1) R(u1, ...

s Um).



Applying the RTT relation repeatedly,

we come to the fundamental relation

R(ui, ... um) Ti(u1) ... Tm(tm) = Tm(tm) ... T1(v1) R(u1, ...

Lemma

Iful_ul+1:1fora//I:177m_1then
R(U]_,...,Um):Ama

the image of the anti-symmetrizer ) s sgnp-p € C[Gp]
in the algebra End (CNV)®m.

s Um).



Hence, we have

AnTi(v) ... Tp(u—m+1)=Tp(u—m+1)... T1(u) An.



Hence, we have
AnTi(v) ... Tp(u—m+1)=Tp(u—m+1)... T1(u) An.

If m = N then the operator Ay on (CV)®N is one-dimensional.

Definition
The quantum determinant of the matrix T(u) with the coefficients

in Y(gly) is the formal series
qdet T(u) =1+ du ™t +dou™2+ ...

such that both sides of the above relation with m = N, are equal

to Ay qdet T (u).



Proposition

For any permutation g € Gy we have

qdet T(u) =sgngq Z SEN P - tp(1),q(1)(U) - - - tp(n),qny (U — N+ 1)
pEGHN

=sgngq Z sgnp - tq(1)7p(1)(u —N+1)... tq(N),p(N)(u).
pEGN



Proposition

For any permutation g € Gy we have

qdet T(u) =sgngq Z SEN P - tp(1),q(1)(U) - - - tp(n),qny (U — N+ 1)
pEGHN

=sgngq Z sgnp - tq(1)7p(1)(u —N+1)... tq(N),p(N)(u).
pEGN

In particular,
qdet T(u) = Z sgn p - tp1),1 (). . tovy,n(u— N+ 1)
pEGN

= Z sgnp - t17p(1)(u - N + 1) e tN,p(N)(u)'
pESN



Example

For N = 2 we have

t11(u) t22(u — 1) — t21(u) t12(u — 1)

qdet T(u)

t22(u) t11(u — 1) — t12(u) t21(u — 1)

t11(u — l) t22(u) — t12(u — ].) t21(u)

t22(u — 1) 1.'11(U) — t21(u — ].) t12(u).



Assuming that m < N is arbitrary, define

the m x m quantum minors t 34" (u) so that each side of

AnTi(u)... Tm(u—m+1)=Tu(u—m+1)... Ti(u) An

equals
ai...am
Z €arby © - @ €apb, @t 5 (u),

summed over the indices a;, b; € {1,..., N}.



Proposition
The images of quantum minors under the comultiplication are
given by
aj...am _ ...am C1...Cm
A(tgr(u) = Z toam(u) @ty (u),
c<-<Cm

summed over all subsets of indices {c1,...,cm} from {1,..., N}.



Proposition
The images of quantum minors under the comultiplication are
given by
aj...am _ ...am C1...Cm
A(tgr(u) = Z toam(u) @ty (u),
c<-<Cm

summed over all subsets of indices {c1,...,cm} from {1,..., N}.
In particular, as qdet T(u) = t 1 N(u),

A : qdet T(u) — qdet T(u) ® qdet T(u).



Center of Y(gly)

Proposition

We have the relations

(u=v) [t(e). 3 30 (V)]
=D @) () = Y R T ()t ()

where the indices k and | in the quantum minors replace a; and b;,

respectively.



Theorem
The coefficients di, da, . .. of the series qdet T (u) belong to the
center ZY (gly) of the algebra Y (gly). Moreover, these elements

are algebraically independent and generate ZY (gly).

Proof.
The first part follows from the Proposition. For the second part

introduce another filtration on Y(gly) by setting
(r) _
deg’ tijr =r—1

for every r > 1. Then the corresponding graded algebra gr’ Y (gly)

is isomorphic to the universal enveloping algebra U(gly[z]). O



Yangian for sly

For any series f(u) € 1 + u~C[[u~}]] consider

the automorphism pr : T(u) — f(u) T(u) of Y(gly).



Yangian for sly

For any series f(u) € 1 + u~C[[u~}]] consider

the automorphism pr : T(u) — f(u) T(u) of Y(gly).

The Yangian for sl is the subalgebra Y(sly) of Y(gly) which

consists of the elements stable under all automorphisms pif.



Yangian for sly

For any series f(u) € 1 + u~C[[u~}]] consider

the automorphism pr : T(u) — f(u) T(u) of Y(gly).

The Yangian for sl is the subalgebra Y(sly) of Y(gly) which

consists of the elements stable under all automorphisms pif.

Theorem

We have the isomorphism
Y(gly) = ZY(gly) ® Y(sln).

In particular, the center of Y (sly) is trivial.



Corollary

The algebra Y (sly) is isomorphic to the quotient of Y(gly) by the

ideal generated by the elements di,d>, ..., ie.,

Y(sly) =2 Y(gly)/(qdet T(u) =1).



Corollary

The algebra Y (sly) is isomorphic to the quotient of Y(gly) by the

ideal generated by the elements di,d>, ..., ie.,

Y(sly) =2 Y(gly)/(qdet T(u) =1).

Proposition

The subalgebra Y (sly) of Y(gly) is a Hopf algebra whose
comultiplication, antipode and counit are obtained by restricting

those from Y (gly).



Quantum Liouville formula

The quantum comatrix ?’(u) is defined by

T(u) T(u— N+ 1) = qdet T(u).



Quantum Liouville formula

The quantum comatrix :I\'(u) is defined by

T(u) T(u— N+ 1) = qdet T(u).

Proposition

The entries t;;(u) of the matrix T(u) are given by
B() = (-1)el L M)

where the hats on the right hand side indicate the indices to be

omitted. Moreover, we have the relation

:I\'t(u —1) T*(u) = qdet T(u).



Consider the series z(u) with coefficients from Y(gly) given by the

formula
o) = i (T() T = W)),

so that

z2(W)=1+2nu2+zu3+... where z € Y(gly).



Consider the series z(u) with coefficients from Y(gly) given by the

formula
o) = i (T() T = W)),

so that

z2(W)=1+2nu2+zu3+... where z € Y(gly).

Theorem

We have the relation

2(u) = qdet T(u—1)
~ qdet T(u)



Proof.
We have

z(u) ™t = %u (T(u) T(u—1)(qdet T(u—1))71).
Using the centrality of qdet T (u) we get
T(u) THu—1) = qdet T(v)

and so

tr (T (u) T(u— 1)) = Nqdet T(u),

implying the formula.



Theorem
The square of the antipode S is the automorphism of Y (gly)
given by

S2: T(u) — z(u+ N) T(u+ N).

In particular, qdet T(u) is stable under S2.



Application to gl

Recall the evaluation homomorphism 7y : T(u) +— 1+ E u™L:

iyt z(—u+ N) e %“ <(1 —E(u-N)"H(1-E u_l)_l)

1 o0
— kK —k
—1—U_Nkz_;trEu .




Application to gl

Recall the evaluation homomorphism 7y : T(u) +— 1+ E u™L:

1
mviz(—ut N) e St (L= E(u=N) (- Euh) )
=1- TN kg_ltrE u”.

The quantum Liouville formula gives

_ det T(u+1)
) PR e S
Z(u+1) qdet T (u)

Applying the evaluation homomorphism to both sides of this

relation, we get Newton's formulas (see Lecture 1).



Factorization of the quantum determinant

Let A = [a;] be an N x N matrix over a ring with 1.

The jj-th quasideterminant of A is defined by

Al = (A1)~

Example
For a 2 x 2 matrix A the four quasideterminants are

|Al11 = a11 — a12 355 a01, |Al12 = a12 — a11 a5, a0,

|Alo1 = ap1 — a2 ay5 a11, |Al2a = a0 — a21 aj7 an2.



For m=1,..., N denote by T(™)(u) the submatrix of T (u)

corresponding to the first m rows and columns.



For m=1,..., N denote by T(™)(u) the submatrix of T (u)

corresponding to the first m rows and columns.

Theorem
The quantum determinant qdet T (u) admits the factorization in

the algebra Y (gly)[[u™Y]]
qdet T(u) = t11(u) |T(2)(u - 1)‘22 e {T(N)(u - N+ 1)‘NN.

Moreover, the N factors on the right hand side of this equality

pairwise commute.



Set

C~(q) = Z sgnp - (1 +q E)p(l)’1 . (1 +q(E-N+ 1))p(N),N'
pESY

Then C(q) =q"C(g™!), where C(u) is the Capelli determinant.



Set

5(q) = Z sgnp - (1 +q E)p(l)’1 . (1 +q(E-N+ 1))p(N),N'
pESY

Then C(q) =q"C(g™!), where C(u) is the Capelli determinant.

Apply the evaluation homomorphism to the decomposition of the

Theorem to get
Clg)=1+qED| ... [1+g(EM - N+ 1)|

where E(™M) is the submatrix of E corresponding to

the first m rows and columns.



For the Harish-Chandra image of  C(g) we have

X(C(@) =@+qh)...(1+qh), h=X\—i+1



For the Harish-Chandra image of  C(g) we have

X(C(@) =@+qh)...(1+qh), h=X\—i+1

Hence, if we define the Casimir elements ¢, by

= d
Y kgt =——log C(—q),
k=1 dq

then

(D) = 14 1k



On the other hand, by the quasideterminant decomposition,

0o N
_ d m
kz_:ldeqk lz—zd—q log ‘1—q(E( )—m+1)}mm.

m=1



On the other hand, by the quasideterminant decomposition,

) N
ZCDk gk-l=— Z d log ‘1 - q(E(m) - m+1)}mm.
k=1

m=1 dq
Therefore,
o= o oM,
where
o0 m d
Z(DS( )qk_l = _d7q |Og ‘]- - q(E(m) —m+ 1)‘mm'



Quantum Sylvester theorem

Suppose that A = [a;j] is a numerical (M + N) x (M + N) matrix.
For any indices i,j = 1,..., N introduce the minors c;; of A
corresponding to the rows 1,..., M, M + i and columns

1,...,M, M+ so that

1. MM+
Cj = a1 MM+j

Let AMM) be the submatrix of A determined by the first M rows
and columns. The classical Sylvester theorem provides a formula

for the determinant of the matrix C = [cj]:

det C = det A~ (det AM) N1,



Introduce the series with coefficients in Y(gly, ) by

1. M,M+i
t,.ﬁ(u) = tl...M,MJrjl'(u)

and set T¥(u) = [tun(u)]



Introduce the series with coefficients in Y(gly, ) by
L. M,M+i
t(u) = £17 b ()
and set T¥(u) = [tun(u)]

Theorem
The mapping
t(u) = t(u),  1<ij<N,

i

defines a homomorphism Y (gly) — Y(glyn). Moreover,

qdet T#(u) = qdet T(u)-qdet TM(u—1) ... qdet TM(u—N+1).



Twisted Yangians

Consider the orthogonal Lie algebra oy as the subalgebra of gl
spanned by the skew-symmetric matrices. The elements
Fij = Ejj — Eji with i < j form a basis of op. Introduce the N x N

matrix F whose ij-th entry is Fj;.



Twisted Yangians

Consider the orthogonal Lie algebra oy as the subalgebra of gl
spanned by the skew-symmetric matrices. The elements
Fij = Ejj — Eji with i < j form a basis of op. Introduce the N x N

matrix F whose ij-th entry is Fj;.

The matrix elements of the powers of the matrix F are known to

satisfy the relations

[Fijs (F )] = 015 (F*)ir — 0it(F )i — Sic (F*)jo + 64 (F % )i



Introduce the generating series

_5U+Z



Introduce the generating series

fii(u) —5U+Z (u—l—Tl)_r.

Then we have the relations

(u® = V) [f(w), fu(v)] = (u+ v) (fig(u) fa(v) = fig(v) fa(u))
— (u =) (fuu) fu(v) = fii(v) fii(u))
+ fii(u) fy(v) — fui(v) fi(u).



More generally, equip CN with a nonsingular bilinear form which
may be either symmetric or alternating. The alternating case can
only occur if N is even. Let G = [gj;] be the corresponding matrix

so that G is nonsingular with G = £+ G.



More generally, equip CN with a nonsingular bilinear form which
may be either symmetric or alternating. The alternating case can
only occur if N is even. Let G = [gj;] be the corresponding matrix

so that G is nonsingular with G = £+ G.

Whenever the double sign + or FF occurs, the upper sign
corresponds to the symmetric case and the lower sign to the
alternating case. Introduce the elements Fj; of the Lie algebra gl
by the formulas
N
Fij = Z(Eik gkj F Ejk 8ki)-
k=1



Obviously,
Fji = F Fj

and the elements Fj; satisfy the commutation relations

[Fij, Fi] = &xj Fir — gir Fij — gik Fji + &1 Fii-



Obviously,
Fji = F Fj

and the elements Fj; satisfy the commutation relations
[Fij, Fxi] = gxj Fir — git Fij — gix Fj1 + gij Fui-

The Lie subalgebra of gly spanned by the elements Fj; is
isomorphic to the orthogonal Lie algebra oy in the symmetric case
and to the symplectic Lie algebra spy, in the alternating case. This

Lie algebra will be denoted by gy.



The twisted Yangian Y¢g(gn) is an associative algebra with

1 2
generators s Sij

i ,-.. where 1 < i,j < N, and the defining

relations written in terms of the generating series

si(u) = gy + s u Tt s u2 4



The twisted Yangian Y¢g(gn) is an associative algebra with
1) 2

generators Sii " Sij e

. where 1 < /,j < N, and the defining

relations written in terms of the generating series

si(u) = gy + s u Tt s u2 4

as follows

(u® = v®) [si(u), s (v)] = (u+ v) (sii(u)si(v) = sii(v)su(u))
— (u—=v) (sik(u)sj(v) = ski(v)sj(u))
+ ski(u)sj(v) — ski(v)sji(uv)
and

sij(u) — si(—u)

sji(—u) = £ s(u) + oy



If G and G’ are two nonsingular symmetric (respectively,
skew-symmetric) N x N-matrices then the algebras Y (gn) and

Y(gn) are isomorphic to each other.



If G and G’ are two nonsingular symmetric (respectively,
skew-symmetric) N x N-matrices then the algebras Y (gn) and

Y(gn) are isomorphic to each other.

Proposition

The assignment

1\ -1
sij(u) — gj + Fij(ui 5)

defines an algebra epimorphism oy : Y (gn) — U(gn). Moreover,
the assignment

Fij — (1)

defines an embedding U(gn) — Y (gn)-



Matrix form of the defining relations

Introduce the N x N matrix S(u) by

Z e @ sij(u) € EndCN @ Y(gn)[[u™1]]
ij=1



Matrix form of the defining relations

Introduce the N x N matrix S(u) by

Z e @ sij(u) € EndCN @ Y(gn)[[u™1]]
ij=1

Proposition

The defining relations of Y(gn) have the form
R(u—v) Si(u) R*(—u—v) Sa(v) = Sa(v) R (—u—v) S1(u) R(u—v)

and
S(u) — S(-u)

St (—u) =+ S(u) + 0



Here

R(u)=1—-Pu?

is the Yang R-matrix, while

N
Rf(u)=1-Qu1, Q:Ze,-j@)e,-j.

ij=1



Here

R(u)=1— Pu™?

is the Yang R-matrix, while

N
Rf(u)=1-Qu1, Q:Ze,-j@)e,-j.

ij=1

Theorem
The mapping
S(u) — T(u) G TH~u)

defines an embedding Y (gn) — Y(gly).
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The Sklyanin determinant is a series in u~! defined by
sdet S(u) = 7, g(v) adet T(u) qdet T(—u+ N — 1),
where

det G if gn=on,

'Yn,G(u) =
2u+1

T — if = .
20— ont 1 det G if gn = sps,

All coefficients of sdet S(u) are contained in Y(gn) and belong to

the center of Y(gn).



Introduce the scalar v,(u) b

() 1 if gy =on,
a\U) =

! ( 1),,2u2_u2—;1+1 if  gn = spy,.
Theorem

We have

sdet S(u)

u) Y senpp’ - sy pay(— ) Sy prmy (—u 0= 1)

pEGN

X Sp(nr1),p (n41) (U = 1) - Spony ooy (U = N+ 1).
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Here we denote the matrix elements of the transposed matrix
S*(u) by si(u), and for any permutation p € &y we denote by p’
its image under the map ¢y : 6y — Sy (Lecture 1).

Example

For N = 2 we have

_ 1F2u

sdet S(u) = 1% (st1(—u) spp(u — 1) = 8537 (—u) spp(u — 1)).

If N=3 then sdetS(u)=

S3p(—u) s11(u — 1) s33(u = 2) + si5(— 1) 531 (u — 1) 5p3(u — 2)
+ 551(—u) s3p(u — 1) s13(u — 2) = si5(—u) Sy (0 — 1) 533(u — 2)

— s3p(—u) 9 (v —1) sy3(u—2) — S31(—u) spo(u — 1) si3(u —2).



The center of the twisted Yangian

Theorem

All coefficients of the series
sdet S(u) = cp + ault4+ou?+ ...

belong to the center of the algebra Y(gn). Moreover, the even
coefficients ¢, ca, ... are algebraically independent and generate

the center of Y(gn)-



Coideal property

Theorem
The subalgebra Y (gyn) is a left coideal of the Hopf algebra Y (gly),
ie.,

A(Y(gn)) € Y(aly) ® Y(gn).

Moreover,

N
A sj(u) = Y tia(u) tp(—u) @ sab(u).
a,b=1
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Twisted analogues of some Yangian theorems

» Quantum Liouville formula
» Quasideterminant factorization of sdet S(u)

» Quantum Sylvester theorem

Applications to classical Lie algebras gy
» Constructions of Casimir elements
» Cayley—Hamilton theorem

» Characteristic identities



