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1. Introduction.
Question (M. Keane 1993): Let
AN = {Zm’f . iy =0, 1,3}
k=1

Is  the Hausdorff  dimension  dimpgy(A()))  continuous
for A € [1,3]?

Answer (Pollicott & Simon 1995): No, it is not continuous.

log 3
G (AN)) = “ly  foralmostall A € 3. 3]
< 1083 for a dense set
—log A )

Note: In A(\), there is no restriction on digits 0, 1, 3. Different
series may express the same number.

New setting: Let

Clao13 = {:U € [0,1] : the S-expansion of z is Z Bk, ir, € {0, 1,3}}

Question: s dimgy(Cs013) continuous for 5 € (3,4]7

Answer: Yes.
log Q5013

log 8

where ag.913 continuously depends on /3.

dimH(Cﬁ;()lg) =



2. f-transformation and S-expansion.

Fix f > 1. Given = € [0, 1), we can express & as

x—z 1)

where a; € {0,1,---,[5] — 1}.

If 3 is not an integer, we may have continuum (or uncountably)
many such series for some x. We need a rule on how to choose the
digits a,, to get a unique series for each x.

Definition. Given § > 1, the 8 transformation T3 on |0,1) is
defined by

Tsr = px — | fz].
Graphof T,
0 1.-’E3 :32-’3 1 0 2< 1iﬂ3 <3 2/p 1

Now we have z = 22l 4 152 14 g, LBTk_li, for k =
1,---,n. Then

a0 BT
r=— — :
5 g pn
Choosing digits in this way, we say the series (1) is the S-expansion
or greedy [-expansion of z.



Let

1_5+@+

be the f-expansion of 1, where ey = |3]. S is simple, if the /-
expansion of 1 has only finite many non-zero terms. Let

<61,€2,"') — (61,62,"')
if 5 is non-simple, or
(e1,€9,-++) = (€1, €9, -ep_1, e — L)Y
if e, = 0 but e; = 0 for ¢ > k.

Theorem 1 (Parry 1961) The series > -, g Is the f-expansion
of some x € [0,1) if and only if

(n; @n1s =) < (€1, €2,7 ) (2)

We say (aq, as, - - - ) is f-admissible if (2) holds. We have
r<y<= (al,ag,---) < (bl,bg,“')

wherez = 7 @ andy =37, 2_71

Theorem 2 (Parry 1961) T possesses an invariant measure
ps with density function lhﬁ(ﬂf) where

-y -

x<T"1
and v = fo hg(z)dz. Furthermore, Tj is ergodic with respect to
Hp-

We know that when [ is an integer, us = A, the Lebesgue measure
on [0,1).



Let
S = {0,1,--- ,m — 1}

where m =[], and Xz be the closure of

oo
a, . .
{(al, ag, ) € Y| Z B—Z is [S-expansion for some az}
n=1

where the closure is according to the product topology. Then T} is

corresponding to the left shift transformation on X5. We also call X3
the [-shift.

Example. Let g = 1+27\/5 = ¢g. The g-expansion of 1 is

| — 1 1
g9 9°
Then g is simple. We have
1+1= 0<z<?
hg(ﬂf> — g g 1 B g
Density function
3
py(T) = 1;29 2 L !
EEEVE A

¥, =A{(a1,a9, - )|a, € {0,1}, but ana,+1 # 11}

>4 1s the golden-mean shift. >, is a shift of finite type determined
by the forbidden word 11.

In general, Y5 is a shift of finite type if and only if 5 is simple.



3. Iterated Function Systems.

An Tterated Function System (IFS) is an (n + 1)-tuple
<X7 f07f17 e 7fn—1>

where X is a compact metric space and f; : X — X is a contractive
map such that

d(fi(x), fi(y)) < rid(z,y), for some 0 < r; < 1.

Theorem (Hutchinson 1981) Let (X, fo,- -, fu_1) be an IFS.
Then there exists a unique compact subset E such that

E = f(E)U fi(E)U-- U fo_i(E).

We call F the attractor of the IFS.

Open Set Condition. We say (X; fy, -+, fn_1) has an open set
condition, if there exists an open set O such that

[i(0O)Cc O and f;(0O)Nf;(0)=0, i+#j.

Theorem (Hutchinson 1981) Let (X; fo, -, fo_1) be an IFS
such that

d(fi(x), fily) = rid(z,y).

With an open set condition, the Hausdorff dimension of the at-
tractor E is

dim(E) = s

where s is the root of

ro+ri o+ =1

The attractor E in above theorem is a self-similar fractal.
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Example 1. Sierpinski Triangle

fo(X) £(X)

AN AN
ANAN DN

Step 2 Step 3

The Hausdorff dimension of the Sierpinski triangle is 163 = 1.5849 - - -

log 2
Example 2. Cantor middle-third set

X =[0,1], fola) = £, fola) = 222

fo(X) f(X)

— — — — Step?2
-- .- -- -- Step3

The Hausdorff dimension of the Cantor middle-third set is

log 2
dim(C) = % — 0.6309- - -



Let E be the attractor of (X; fo, f1,- -+, fn_1). For any sequence
(11,19, -+ ) € Xy, We have

The above limit exists for any y € X and is independent of v.

On the other hand, for each x € FE, there exists at least one
sequence (iq, 19, -+ ) € Xy, such that

L = kh—>Holof21 Ofiz O szk<y>

Other Type of Attractors —Subsets of the Attractor £

Markov Attractor. Given an n x n (0,1)-matrix M, assume
that M isirreducible. Then there exist compact subsets £y, --- , E,,_1,
such that

Bi= U £lE).
M;;=1
We call (Ey, -+, E,_1) or By = U?:_()l E; the Markov attractor
associated with M.

When all the maps are similitudes, with an open set condition,
the Hausdorff dimension of E; or Ej; is give by

IME =1,
where || - || stands for the Perron-Frobenus eigen-value of the given
i
matrix and R°® =
S
Tn—1

When all the entries of M are 1, the £y = E is the attractor.



Example. The IFS is as shown in the graph.

£,(X) | f(X)
(X)) | £(X)
Let
1011 1111 1111
1110 1111 1111
M10111’M21101’M31110
1101 1110 1101

From left to right: Markov attractors associated with My, Mo,

M, 1
: 0g 3
B) =22 — 15849 .-
dim(F) og 2
log(3 + v/17)

= 1.8325---




p-attractor. Given 8 < n, then the g-shift s is a subspace of
2. Let Bz be the set of all x € X such that there exists a sequence
(’il, 19, - * ) < 25 such that
We say L3 is the S-attractor.

If 8 is an integer then E3 is the attractor of some IFS. For 5 = g,
E, is the Markov attractor associated with

11
- (1)
In general, if 3 is simple then Fjg is a Markov attractor for some
IEFS.

Examples. Given IFS (X fo, f1), assume that
1.1
g Bt
Then
g ={(i1, %9, )|ix € {0,1}, (g, tps1,---) < (1,0,0,1,---),Vk}.
5 is determined by the forbidden words (1, 0,0, 1, (1,0, 1) and (1, 1).
Consider the following maps:

Joofoo fo, Joofoofi, Joofiofo, fiofoo fo
Let

1

1
M —

1

1

_ = O =
_ o O =
o O O

Then Ej is the Markov attractor associated with M.
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Theorem 1. Let (X; fy,---, fn_1) be an IFS such that
d(fi(x), fily)) = rd(z,y)

forall x,y € X and all 0 <1 <n —1, where 0 < r < 1. Given
B < mn, let g be the $-attractor. Assume that

filEg) O fi(Eg) =0, ifi# j.
Then the Hausdorff dimension of Fg is given by

log B
—logr

lel(Eﬁ) —

Notice that if 5 is an integer then the above result is a special case
of the Hutchinson’s theorem. The above theorem extends Hutchin-
son’s theorem to IFS with non-integer many (/) maps in a special
case.
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4. Cantor-type sets with f-expansions.
Fix § > 2and j; € {0,1,---, [f] — 1} with
0<jo<j1<-<Jm1
Define

Cﬁ;jojr"jm—l

{[E € [0,1] : the S-expansion of z is Z %, ir € {Jjo," - ,jml}}
k=1

Let 3 < 8 <4, jo,51,72 = 0,1,3. Then Cpgp13 is the set we
defined earlier.

Theorem 2. The Hausdorft dimension of the Cantor-type set
with S-expansion, Cg. ..., _,, 1S given by

_ log g gy
(g ) = ®

where ag.j,...;, _ < m — 1 and is continuously depends on .

Theorem 2 answers the question asked at the beginning.

Sketch of Proof. Consider the IFS (X fo, -+, fin_1), Where

X = [O, %], filz) = % Then Cg.j...j,,_; 15 the a-attractor

of this IFS, for a = ag.jy...j,. ;-

If the disjoint condition holds (e.g., Cjs.02) then we get (3) from
Theorem 1. Unfortunately, the disjoint condition not always holds
(e.g., Cs.013, for some ).

Let o' < agjq..j. . Apply Theorem 1 to the o/-attractor which
is a subset of the a-attractor and has the disjoint condition. Then

: log o/
dlm(CBQjO"'jm—l> 2 logﬁ :
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How «g.j,...;,,_, is Calculated?
Assume 2 < 8 < 3 and take Cg.2 as an example.

Let z = max{z € Cpp9}. Suppose that

aq i a9 i
z = — S . e
BB
where a; € {0,2}. Define b; = a;/2. Then ag.gs is determined by
by b
l=—+— 4
a o

1 2+ - + 2 +
z = —_— — R R ..
3 32 33
a; = 2. Then b, = 1. Letlzé%—ﬁ%—---. Then o« = 2. Hence
a3.02 = 2. By theorem 2,
log 2
dim(Cs.g9) = ——.
im( 3’02> log 3

Example 2. Let 1 = %+ é + % Then 5 = 2.658---. The
maximum of Fs is given by

2 2 2
Q_E—FE—FE—F'”
Then «(f) is given by
T
gop B

which gives @ = 222 = g = 1.618---. Thus

: lo
lel(Cﬁ;()Q) = 10?; =0.49-.--

13




Actually, for all 8 € [1 + /2,1 + /3] we have ag.02 = ¢. Hence
dim(C'z,02) is decreasing for 8 in this interval. However, we have

él_}l’ﬂ2 dlm<06;02> =0

and oo 2
. . ) 0]
éliﬂg lel(Cﬁ;()Q) - dlIl’l(Cg;()Q) - %

So, in general, we have an increasing trend.
Theorem 3. For almost all § € (2,3), we have

d dimH<Cg;()2>
dp

For other points, the derivative or one-sided derivative is 00.

< 0.

These points form a Cantor-type set.
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Construct Cp.gp, for 2 < 8 < 3 in Different Ways.
We can construct the Cantor middle-third set in three ways:
1. C = 03;02.

2. Delete the middle-third open intervals.

0 1

13 2/3

Step 1
— 2 —° — Step2
- - == == Slep3

3. Consider the inverse functions of T3z = 3z (mod 1).

T3 Inverse of T,

Then C'is the attractor of the IFS ([0, 1}, fo, f2)-

15



Taking 2 < 8 < 3, we imitate the above constructions:
1. CB;OQ.

2. Interval deleting.

0 1/B 2/ 1
.l —— Step 1
— — Step 2

At k-th step we delete the open intervals

aj T ap_1 2
(E—i—"'—l— k—l_l_@’g_l_.”_l_ kl_l_@)'

We use E; to denote the set constructed in this way.

3. Consider the inverse of Tz = Sz (mod 1).

Ts Inverse of T

Again we take fy and fo. This time f5 is not defined on the whole
space [0, 1], but only on [0, 8 — 2]. So ([0, 1]; fo, f2) is not an IFS in
original sense. For this “IFS” we also define its “attractor” Fs as a
compact set such that

Ey = fo(E2) U fo(E> N[0, 5 — 2]).

16



; ; = zel0,p-1
4. Define fy = fyand fo(z) =< 7 g ,
fo= fo and fofx) {1 o

have an IFS ([0,1]: fo, f2). Use F5 to denote the attractor of this
IFS.

Then we

Questions:
1. Does E» exist? If so, is it unique?
2. Are Cg.02, B, Eo, Esequal, or what are their relations?
3. Do they have the same Hausdorft dimensions?

The following theorem answer these questions 1 and 2.

Theorem 4. Let Cg.g2, 1, Ey, E3 be defined as in the above.
Then they have the following relations:

1. 05;02 C El.
2. By exists. It can be either Cg.gy or L.
3. B3 = Ey.

4. If By # Cgy2, then FE1\Cpsoo contains countably many iso-
lated points.

Thus they all have the same Hausdorff dimension.
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Further Research:

1. The Hausdorff dimension for S-attractor (Theorem 1) is calcu-
lated under a disjoint condition. I believe it is true under an open
set condition. But I even haven’t found a natural way to define the
open set, condition in this case.

2. Tt is a challenge to obtain a formula for the Hausdorff dimension
when the maps have different contractive ratios.

3. It is natural to study the Hausdorff measure for S-attractors
and Cantor type sets constructed by [S-expansions of their dimension.

THE END
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