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Abstract

We generalise and sharpen several recent results in the literature regarding the existence and complete classification
of the isolated singularities for a broad class of nonlinear elliptic equations of the form

—div (A(x]) [Vul?2Vu) + b(x) h(u) = 0 in By \ {0}, 0.1)

where B, denotes the open ball with radius » > 0 centred at 0 in RY (N > 2). We assume that A € C'(0,1],
b € C(B; \ {0}) and h € C[0, o) are positive functions associated with regularly varying functions of index ¥, o
and g at 0, 0 and oo respectively, satisfying g > p—1 > 0and ¥ — 0 < p < N + . We prove that the condition
b(x) k(D) ¢ L'(B, /2) is sharp for the removability of all singularities at O for the positive solutions of (0.1), where @
denotes the “fundamental solution” of —div (A(|x|) [VulP~2Vu) = &y (the Dirac mass at 0) in By, subject to ®|yp, = 0.
If b(x) W(®D) € L (B, /2), we show that any non-removable singularity at O for a positive solution of (0.1) is either weak
(i.e., limyy—0 u(x)/@(|x]) € (0, 0)) or strong (limy—o u(x)/D(|x]) = o). The main difficulty and novelty of this paper,
for which we develop new techniques, come from the explicit asymptotic behaviour of the strong singularity solutions
in the critical case, which had previously remained open even for A = 1. We also study the existence and uniqueness
of the positive solution of (0.1) with a prescribed admissible behaviour at 0 and a Dirichlet condition on dB;.
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1. Introduction and main results

The local behaviour of solutions for nonlinear partial differential equations of second order has been studied exten-
sively in the last fifty years (see, for example, Véron [31] for relevant background). The topic of isolated singularities
represents an extremely active area of research concerning many different classes of nonlinear elliptic equations. Re-
cent contributions include, on the one hand, boundary singularities (see, for example, [16, 18]) and, on the other hand,
interior singularities for the fractional Laplacian [5, 6], the weighted p-Laplacian [32], non-homogeneous operators
in divergence form [17], nonlinear equations with singular potentials [9, 13] or with nonlinearities depending on the
gradient [1, 7] to name only a few.

Motivated by previous articles such as [3, 9, 10, 14, 27], we aim to obtain a complete understanding of the isolated
singularities for nonlinear elliptic equations of the form (1.4) in the punctured unit ball B;\{0} in RY (N > 2) under the
Assumptions (A)—(A3) given later. A prototype model is A(|x]) = |x[”, b(x) = |x|” and h(t) = |f|9" 't forg > p—1> 0
and ¢ — o < p < N + 9. In the standard case A = b = 1, the profile of all positive solutions of p-Laplacian type
equations with pure power nonlinearities, namely div (VulP~2Vu) = |u|?'u in B; \ {0}, is well clarified (see [14, 27]),
depending on the position of g relative to the critical exponent q.. = N](V”f;l) (with g, = oo for p = N):

(@) If p—1 < g < g., then as |x| — 0, exactly one of the following holds (see Friedman—Véron [14]):

(1) u can be extended as a continuous solution of the same equation in B; (removable singularity);
(i) There exists a positive number A such that u(x)/u(x) — A (weak singularity) and, moreover,

—div (IVulP2Vu) + |u|7'u = 27718y in D'(B)).

Here, 6y denotes the Dirac mass at 0, whereas u stands for the fundamental solution of the p-harmonic
equation —div (|Vu|’~2Vu) = & in D’(R") (in the sense of distribl{t/i(ons)i)
q-p¥
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(i) [P/ @ P Dy(x) - YN.p.q» Where Yy p g i= [(q—ZH )p (% - N) (strong singularity).

(b) If, in turn, ¢ > g. (for 1 < p < N), then only (a)(i) occurs, (see Vazquez—Véron [27]).

The alternatives (i)—(iii) in (a) correspond respectively to a positive solution u with lim sup,,_, u(x)/u(x) equal to
zero, a positive finite number, and infinity. Furthermore, if g € C'(0B)) is a non-negative function and A € (0, c0),
then the singular Dirichlet problem div (VulP~2Vu) = |u|? 'u in B; \ {0}, with limyy—o u(x)/u(x) = A and u = g on
0B; admits a unique non-negative solution if and only if ¢ < g. (see [14, Theorems 1.1 and 1.2]). The positive
solutions with a strong singularity at O are al/ obtained as limits of solutions with a weak singularity at 0. However,
going beyond the power nonlinearities, the understanding of strong singularities had until now remained elusive.
The removability of the strong singularity solutions is not completely clear even for Laplacian-type equations. The
following question formulated by Vazquez and Véron [28] is still open: What is the weakest condition on a continuous
non-decreasing function h such that any isolated singularity of a non-negative solution of Au = h(u) in By \ {0} with
N > 3 is removable? By [28, Remark 2.2], there are examples of continuous non-decreasing functions 4 satisfying

f t_% h(t)dt = 0 and d =0
1 1 Vih(D)
for which there exist no positive solutions with a weak singularity at 0, but infinitely many positive solutions with a
strong singularity at 0. It is known (see [28] or [30]) that a necessary and sufficient condition for the removability
of the weak singularities of the positive solutions is that 4 satisfies the first integral condition in (1.1). Recently, the
above question, together with a complete classification of the isolated singularities, has been settled by Cirstea [9] in
the framework of regular variation theory for more general semilinear elliptic equations.

In two pioneering works, Serrin [21, 22] studied a priori estimates of solutions, the nature of removable singular-
ities, and the behaviour of a positive solution in the neighbourhood of an isolated singularity for quasi-linear elliptic
equations of the general form

(1.1)

div ACx, u, Vi) = B(x, u, Vir). (1.2)

For a domain Q in RY with 0 € Q, it is assumed that A(x, u, &) and B(x,u, &) are, respectively, vector and scalar
measurable functions defined in Q x R x RY satisfying the following growth conditions:

IA(x, u, &) < Bolél”™" + Bilul’™" + s,
E-Ax,u,é) 2 |E)F - B3lul” — Ba, (1.3)
IB(x, u, &) < BelélP™ + BslulP~ + B85 forall (x,u,&) € Qx R xRV,
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where 1 < p < N is a fixed exponent, By is a positive constant and 8; (1 < i < 6) are measurable functions on Q2
belonging to suitable Lebesgue classes: Sy, 8, € LV P~179) B¢ € LN/(1=9) and B; € LN/*=® for j = 3,4, 5, where & > 0.
By [22, Theorem 1], if u is a non-negative continuous solution of (1.2) in Q \ {0}, then the following dichotomy holds:

1. either u has a removable singularity at O;
2. or there exist positive constants ¢ and ¢, such that ¢; < u(x)/u(|x]) < ¢ in a neighbourhood of zero.

In this paper, we address the singularity problem for quasi-linear elliptic equations in divergence form related to
(1.2) when the growth of B is bigger than that of A, which is a challenge formulated by Véron [31]. In this case, the
main difficulty lies in the fact that solutions with strong singularities may appear.

The main feature of our study is to reveal a sharp and complete classification of the isolated singularities of

div (A(x]) [VulP>Vu) = b(x) h(u) in B* := By \ {0} (1.4)

for a large class of nonlinearities, including model cases departing from power functions such as in Table 1 below.

Example A(lx)) as |x| — 0 b(x)as|x| >0 h(t)ast — oo
of 1\ 1Y
1 [x]” {In — |x|” |In — t(In )’
|x] |x]
1 B
2 It (m ﬂ) 4 exp (~(In 1))
X

t?exp{—(Int)”"}

Ix|” exp{ — 4/In i
|x]

Table 1: Examples

In Examples 1-3 above, we take @, 8, y € Randv € (0,1/2), 1 < p < N+dandg+1 > p >3 — 0 (see
Corollary 2.1 for the classification). More generally, we work in the setting of regular variation theory inspired by
Cirstea and Du [10], whose results (with A = 1) are here generalised and sharpened. The introduction of the weight
function A in the operator in (1.4) adds non-trivial difficulties. The first two conditions in (1.3) are no longer satisfied
for A(x,u,&) = A(x]) |£P~2¢ since if ¥ > 0 (resp., # < 0), then lim,_o+ A(r) = O (resp., o). A clear influence of
A is felt in the behaviour of a positive solution of (1.4) being compared not with u but with a suitable “fundamental
solution” @ of the divergence-form operator div (A(|x|) [V(-)[P~2V(-)) in By, see (1.8).

We assume the following structural conditions:
(A1) The function A € C'(0, 1] is positive such that A(¢) = L4 (1) with 1 < p <N + 9 and L4 satisfies

L, (1) B
La(t)

fip =
(Az) The function £ is continuous on R and positive on (0, c) with 2(0) = 0 and h(z)/ =1 bounded for small ¢ > 0,
whereas b is a positive continuous function on Bj \ {0}.

(A3) There exist ¢, € R and functions L, L, that are slowly varying at co and at O respectively, such that

h(r) . b(x)

im —— = — 2 | withg+1>p>d—o0.
10 (9L (1) k=0 || Lp(|x])

(1.6)
The condition in (1.5) implies that L4 is slowly varying at O (see Definition 2 and Remark A.2 in Appendix A).
A complete characterisation of slowly varying function at 0 is provided by Theorem A.2. Without loss of generality,
we assume that L, and L, satisfy the properties in (A.2) (see Remark A.4 in Appendix A). For instances of L, one
could choose any of the slowly varying functions at co gathered in Example 1 of Appendix A. We note that the results
of this paper can be extended for the case p = N + ¥ for certain cases of L4, see Remark 1.5.
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Definition 1. A function u is said to be a solution (sub-solution, super-solution) of (1.4) if u(x) € C'(B*) and

f A(x) [VulP>Vu - Vedx + f b(x) h(u)pdx =0 (0,20 (1.7)
B] Bl

for all functions (non-negative functions) ¢(x) in C1(B*), the space of all C'(B*)-functions with compact support in
B*. Furthermore, a positive solution u of (1.4) is said to be extended as a positive continuous solution of (1.4) in By if
there exists lim o u(x) € (0, 00), the function A(|x|) |VulP~! belongs to L' (By) and (1.7) holds for every ¢ € CC' (By).

loc
If u is a positive solution of (1.4) with lim sup,,,_,, u(x) < co, then both integrals in (1.7) are well-defined for every
¢ € CI(By). Indeed, b € Llloc(Bl) since o > —N (from (A|) and (A3)), whereas the gradient estimates in Lemma 5.3
give that A(|x]) [Vu|’~' € L! (By) since t'"PA(¢) is regularly varying at O with index ¢ — p + 1 (greater than —N).

loc

Throughout this paper, we are concerned with non-negative solutions of (1.4). By the strong maximum principle,
any non-negative solution of (1.4) is either identically zero or positive in B*. Indeed, the conditions in Theorem 2.5.1
of [19] are satisfied on any subset Q cc B \ {0} with A(x, u, Vu) = A(x]) [Vul?~>Vu and B(x,u, Vi) = —b(x) h(u)
since A € C(0, 1] is a positive function, while & and b satisfy the properties in Assumption (A;).

Fundamental Solution ®. Let Cy, := (Nu)N)_l/ P=D where wy denotes the volume of the unit ball in RV,
Assuming (A ), we can define the “fundamental solution” of the operator div (A(|x|) [V(-)[P~2V(-)) in D’(B;), namely

La(t)

Note that —div (A(|x[) [V®|P~2V®D) = &, in D’(B;) and ® = 0 on dB,. Moreover, lim,_,o+ ®(r) = cosince 1 < p < N+1.
We note that both r — ®(r) and r — —r @’(r) are regularly varying at 0* of index —m,, where m; is defined in (1.10).
Under Assumption (A ), using Karamata’s Theorem (see Theorem A.3), we find that

I (A-N=0\ 5T
O(r) := CN,[,f( ) dt forall r € (0,1]. (1.8)

’ C —m L _V%]
OO _ i () = my,  where T(r) = T _ S LA W)

N o) o(r) (19

We provide in Theorem 1.1(b) the sharp criteria, namely b(x) h(®) ¢ L'(B, ;2), for the removability of all singu-
larities of the positive solutions of (1.4). In the case of non-removable singularities, that is b(x) h(®) € L'(B, 12), We
give a complete classification of the singularities of (1.4) in Theorem 1.1(a), accompanied by corresponding existence
results in Theorem 1.2. Our analysis brings new understanding of the behaviour of the solutions to (1.4) with strong
singularities at zero as the perturbation technique introduced in [10] for the subcritical case is not applicable in the
critical case. The main innovation we develop is a perturbation technique which enables us to give precise explicit
asymptotic formulas for the behaviour of the strong singular solutions. Our Theorems 1.1 and 1.2 extend the corre-
sponding optimal results in [3] where p = 2, b = 1 and h(f) = |t/9"'¢ in (1.4). While the understanding of strong
singularity solutions for Laplacian-type equations with power-like non-linearities in [3] relied on the earlier work of
Taliaferro [23], this is no longer possible in our general context of quasi-linear equations such as (1.4).

From Assumptions (A|)—(Aj), it follows that mg, m; and m, are all positive, where we define

+o0-19 -p+1 N+ -
mo = LT "% my = 1P my =~ P (1.10)

g—p+1 p—1 p—1

Let us now define g., which shall be henceforth referred to as a critical exponent, namely

N
g =217 (1.11)
my
Remark 1.1. Assuming (A1)—(As), we note that b(x) h(®) € L'(B ) is equivalent to
f NHCL (R (D)) dr < . (1.12)
0+

The integrand in (1.12) varies regularly at 0 with index N — 1 + o0 —myq. Hence, if ¢ # q. then (1.12) holds if and only
if ¢ < g, where q. is given by (1.11). If g = q., then (1.12) may hold in some cases and fail in others. For example, if
La =Ly,=1andh(t) = t+(nt)* fort > 0 large, then (1.12) holds if and only if @ < —1.
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Later in Corollary 2.1, we illustrate Theorem 1.1 on the Examples of Table 1. Note that L, in Example 1 satisfies
t —> Ly (€") is regularly varying at oo with index y € R. (1.13)

In Example 3, we see that L4 and L, satisfy the following property
t— [LA (e_t)]_”j Ly(e™") is regularly varying at co with index j € R. (1.14)

From a practical viewpoint, we thus need to check b(x) h(®) € LY (B, ,2) only for g = g,. In such a critical case,
assuming either (1.13) or (1.14), then b(x) i(®) € L! (By2) if and only if F(r) < oo, where we define

F(r) := f EVLa@©] 7T Ly Ly(1/€)dé  for r > 0 small. (1.15)
0

The function F plays an important role in the asymptotic behaviour at zero for a strong singularity solution of (1.4).

We now state our first main result.

Theorem 1.1 (Classification of singularities and sharp removability results). Let Assumptions (A)—(Az) hold.

(@) Ifb(x) h(®) € L'(B; /2), then for every positive solution u of (1.4), exactly one of the following cases occurs:
(1) u can be extended as a positive continuous solution of (1.4) in the whole ball B;.
(i1) u has a weak singularity at 0, that is limjy—o u(x)/P(x) = A € (0, 00) and, moreover, u verifies

—div (A(x]) [VulP2Vu) + b(x) h(u) = AP7'8y  in D' (By). (1.16)
(iii) u has a strong singularity at 0. Moreover, limyy_o u(x)/i(|x]) = 1, where it is given by
g+l 1
N " oA, » 1 N
f _dr = f [Mﬂ d¢ with — = q- % irg<q. (1.17)
ar) [Ly(0)]7 0 La(é) M o

On the other hand, in the critical case q = q., then limyy_,o u(x)/a(|x]) = 1 for it given by

| __L
ft(r) — [mlm())/+1—pF(r)] Gr—p+] LA/)—I (r) Fomo lf(113) hOldS,
a(r) , o (1.18)
f LFCLDV dt = (mymg?™ ) T L7 (7 F ™ if (1.14) holds,

where my, my and F are prescribed by (1.10) and (1.15), respectively. In (1.18), ¢ > 0 is a large constant.
(b) If b(x) h(®) ¢ L' (By)2), then q > q. and every positive solution of (1.4) satisfies (a)(i).

Remark 1.2. (i) When A = b = 1 and h(t) = |t1?~"t, our Theorem 1.1(a) recovers [14, Theorem 2.1]. Moreover,
Theorem 1.1(a) generalises and sharpens [10, Theorem 1.1], which analysed the case A = 1 and q < q.. Our
Theorem 1.1 is also established under the optimal condition for the existence of solutions with singularities at
0 for (1.4). Even for A = 1, the behaviour of the strong singularity solutions in the critical case q = g, is new,
being obtained via a perturbation technique we devise in this paper (see §3.1).

(i) When A = b = 1 and h(t) = 11, Theorem 1.1(b) recovers the removability result of [4] for p = 2 and [27] for
1 < p < N. By letting A = 1 in Theorem 1.1(b), we also obtain a sharp version of [10, Theorem 1.3].
Notation. By fi(¢) ~ fo(t) as t — t; for tp € R U {oo}, we mean that lim,,, f1(¢)/ f2(¢) = 1.

In Theorem 1.1 for ¢ < g., the function # in (1.17) is well-defined, regularly varying at O with index —my and

my La(r)
M L;,(r)
5

() [Ly(i(r) )71 ~ [ ]qm r™ asr— 0", (1.19)



Indeed, the integral in the left-hand side of (1.17) is well-defined since the integrand is regularly varying at co with
index —(q + 1)/p < —1 from the assumption ¢ > p — 1. The right-hand side of (1.17) also exists since the integrand is
regularly varying at 0* with index (oo — #)/p > —1 by virtue of o~ > & — p. By Karamata’s Theorem in Appendix A,
(1.17) implies (1.19). Furthermore, if (1.13) holds, then L;(ii(r)) ~ mth(l/r) as r — 0% so that (1.19) is refined by

Li(1/r) Ly(r) | 7
Lu(r)

Remark 1.3. A prototype model for (1.13) is L,(t) ~ (Int)” as t — oo, where y € R. More generally, (1.13) holds if
L,(T) ~L(T)as T — oo and L(T) = H;‘:l(lnml TYi for T > 0 large, where k and m; are positive integers and B; € R
for every 1 < i < k. We use the notation In,,, for the m;-iterated natural logarithm. Without loss of generality, we can
take 1 < my <my < ... < my. Thent —> Ly(e") is regularly varying at oo with index equal to 31 (respectively, 0) if
my = 1 (respectively, my > 1). Similarly, (1.14) is verified if[LA(l/T)]fﬂ%l Ly(1/T) ~ L(T)as T — oo.

—myg

u(r) ~ (mi "M asr — 0. (1.20)

Next, in our second main result, under suitable conditions, we show that there exist positive solutions of (1.4) in
any of the categories appearing in the complete classification of Theorem 1.1. Furthermore, we obtain a uniqueness
result for (1.4) subject to a Dirichlet condition on dB; with a prescribed, admissible behaviour at zero.

Theorem 1.2 (Existence and uniqueness). Let Assumptions (A1)—(A3z) hold. Assume that h is a non-decreasing
function on (0, 00) and g € C'(0B,) is an arbitrary non-negative function. We consider the following problem

div (A(x]) [VulP>Vu) = b(x) h(u) in B* := B \ {0},

. I (1.21)

&}ino@ =A, u|aB1 =g, u>0 inB".

(1) IfA=0and g # 0 on 0By, then (1.21) has a unique solution.

(ii) If A € (0, 0], then (1.21) admits solutions if and only if b(x) h(®) € L'(By»).

(iii) Assume that b(x) h(®) € L'(By ) and h(t)/t"~" is non-decreasing for t > 0.
(a) For A € (0,0), then (1.21) has a unique solution. The same conclusion holds for A = co and q < q..
(b) For A = 0 and q = q., then (1.21) has a unique solution provided that either (1.13) or (1.14) holds.

Remark 1.4. When b = 1 and h(t) = |197't, our Theorem 1.2 recovers previous results such as [14, Theorems 1.2]
(with A = 1) and [3, Theorem 2] (with p = 2). Moreover, in Theorem 1.2, we generalise [10, Theorem 1.2] (where
A = 1) by sharpening the condition under which there exists a unique singular solution to (1.21).

Remark 1.5. In this paper, we focus on the case p < N + & in Assumption (A). We mention that Theorem 1.1 and
Theorem 1.2 remain valid also for p = N + ¥ provided that lim sup,_,y. L4 (r) < oo (which ensures that ®(r) — oo as
r — 0%). Since my in (1.10) becomes zero for p = N + ), we must understand q.. = co in connection with the fact that
b(x) h(®) € L'(B2) holds for any q € (p — 1, 00) and thus in Theorem 1.1 only the assertion of (a) is meaningful in
which the strong singularity behaviour of (iii) is given by (1.17).

Structure of the paper. We shall always assume (A)—(A3). In Section 2, we apply our main results, specifically on
the Examples given by Table 1. In Section 3 we prove Theorem 1.1(a), which fully classifies the nature of all possible
singularities at O for the positive solutions of (1.4) when b(x) hi(®) € L'(B, ,2). We emphasise that this is an optimal
condition under which, besides weak singularity solutions, there can arise strong singularity solutions of (1.4) (that
is limyy—o u(x)/®(x) = oo) as stated by Theorem 1.2 to be proved in Section 6. The proof of Theorem 1.1(a), and in
particular, the analysis of (radial) solutions with strong singularities at O in Theorem 3.1, represent the crux of this
paper. Even in the case A = 1, Theorem 1.1(a) is new with regard to the explicit derivation of the asymptotic behaviour
near 0 of solutions with strong singularities in the critical case g = ¢.. To establish Theorem 1.1(a), we need to invoke
some auxiliary results such as a priori estimates, a spherical Harnack-type inequality and regularity results, whose
proofs are deferred until Section 5. In Section 4, we prove Theorem 1.1(b), which establishes b(x) hi(®) ¢ L'(By)2)
as a sharp condition such that all positive solutions of (1.4) have a removable singularity at zero, that is, they can be
extended as positive continuous solutions of (1.4) in the whole ball B;. For the reader’s convenience, we gather in
Appendix A the necessary concepts and properties related to the regular variation theory.
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2. Applications

Corollary 2.1. Let Assumptions (A1)—(A3) hold. Let a,B,y € R and v € (0, 1/2) be arbitrary.

Example Ly(r)asr— 0F

Ly(ryasr — 0F

1

Ly(t)ast — oo

1 o]

¥

(Int)”

&

exp{~(In)")

1\" -1 1
3 (ln—) exp{—p— ln—}
r q

r

1
exp {— In —}
-

exp {-(In7)"}

Table 2: Examples (corresponding to those in Table 1)

(A) If g < q. in Examples 1-3, then for any positive solution u of (1.4) exactly one of the following holds:
(1) u can be extended as a positive continuous solution of (1.4) in By.
(i1) u has a weak singularity at 0, that is limjy—o u(x)/®(x) = A € (0, 00) and, moreover, u satisfies (1.16).

(i) u has a strong singularity at 0 and, moreover, as |x| — 0, the behaviour of u is given by Table 3 below.
Example

u(x) is asymptotically equivalent to
1

p=y a=P=y gp+
m 1
1 x| -2 {In—
M |x]

1
2

RAELS A
x| g-p+1\ " I

1 1
m [ 1\ 1{, 1)\ 1 1y
3 7o | 0 {jp — —lm—=| + In—
[ o) | enfb o

g\ x] g-p+1
B) If g = q. (and, in addition, aq./(p — 1) > B+ 7y + 1 for Example 1), then the trichotomy in (A) remains valid
except (iii) which is replaced by the behaviour in Table 4 below.

Table 3: Strong singularity behaviour for g < g.

Example

u(x) is asymptotically equivalent to

m
1 |x|—mo

p—1-y

my

s

1
1 a—f—y-1|er+!
In —)
|x|

vmp—1+v 1 a—B+v-1 II*% 1 1 v
|x|—mo 0 (111 _) exp {— (m() In _) }
m |x] g-p+1 |x]
1
p—1+v a+v—17a-p+T 3 4
vm 1 1 1)\? 1 1
3 |x|—mo 0 (ln _) exp4 — (]n —) + (mo In —)
m N q q A

|x| -p+1
(C) If g > q., then any positive solution u of (1.4) can be extended as a positive continuous solution of (1.4) in B;.
For Example 1, this conclusion also holds for ¢ = q. and aq./(p— 1) <B+vy + 1.

Table 4: Strong singularity behaviour for g = g
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Our next application illustrates how weighted divergence-form equations such as (1.4) arise naturally in the study
of p-Laplacian type equations in exterior domains.

Corollary 2.2. Assuming2 < N < p <aand q > p — 1, we consider the problem
div (IVv@IP V(@) = {17 in R \ By 2.1)

By a modified Kelvin transform where u(x) = v(%) with x = %/|3* (see [12, Appendix A]), the behaviour near oo
of the positive solutions of (2.1) can be obtained from the behaviour near 0 of the positive solutions of (1.4) with
Ax) = [x2P™™ b(x) = |x|* and h(u) = [u(x)]?. Hence, by applying our Theorem 1.1, we find that:
(1) If p > N, then the following classification holds for the positive solutions v(%) of (2.1):
(@ Ifg < %’ then as |X| — oo, exactly one of the following holds
(1) v(X) converges to a positive number;
p—N
(i) Ifcl_lﬂj v(X) converges to a positive number;

(i) (@ PP Dy() — [( a=p )”*1 (e

1/(g=p+1)
g-p+l g-p+1 )] )

(b) If in turn, g > %, then for every positive solution of (2.1), only (i) holds.
(2) If p = N, then for all ¢ > p — 1, only (1)(a) holds in which (ii) should read as lim g« v(X)/ In(|%]) € (0, c0).

3. Proof of Theorem 1.1(a): Classification of singularities

Let u be any positive solution of (1.4). Before proving Theorem 1.1(a), we state some preliminary results to be
established later in Section 5, under Assumptions (A;)—(A3). Fix ry € (0, 1/2). Then the following holds:
e An a priori estimate (see Lemma 5.1): There exists a positive constant C, depending on ry such that

[x|”b(x) h(u(x))
AdlxD) [u(x)]P!

< C forevery 0 < |x] < ry. 3.1

e A Harnack-type inequality (see Lemma 5.2): There exists a constant K > 0 (depending on p, N and ry) such that

1|n‘ax u(x) < K?llin u(x) forall 0 <r <ry/2. 3.2)
x|=r x|=r

Using (3.2) and the same argument as in [3, Corollary 4] and [9, Corollary 4.5], the following can be shown:

. u(x) . u(x) .
If lim su - = oo, then lim - =o0 forje{0,1}.
TR =0 [P seln 53
Cu(x) u(x) '
If hf,}ﬂi‘&f () =0, then l)l(}{ﬂ)0 ) =0

Consequently, we either have lim supy,,_,, u(x) < o0 or limy,o u(x) = co. In the latter case, the a priori estimate in
(3.1), together with Assumptions (A;) and (A3), give that

i Ly(|x])
1m Su
[x|—0 LA(|X|)

P70 ()] Ly(u(x)) < oo (3.4

In particular, (3.4) yields that lim sup,,,_, u(x)/T(|x]) < oo for some function 7 regularly varying at 0 with index —my.
Since lim,o+ In7(r)/ In(1/r) = mp, we find that lim sup),;_,o In u(x)/ In(1/|x[) < myo.

Remark 3.1. If g = q., then mg = m, and any positive solution u of (1.4) with a strong singularity at zero satisfies

Inu(x)
w0 I () 3.5)



o A regularity result (see Lemma 5.3).
o If limy—,0 u(x)/®(x) = 0, then u can be extended as a continuous positive solution of (1.4) in B; (see Lemma4.1).

Proof of Theorem 1.1(a). Let b(x) h(®) € L'(B; ;) and u be a positive solution of (1.4). Let A := lim SUpP|i0 %.
Then the categories (i)—(iii) of Theorem 1.1(a) correspond respectively to:

(i) A = 0. Then the assertion of (i) in Theorem 1.1(a) follows from Lemma 4.1.

(i) A € (0, 0). One can show that u has a weak singularity at 0 and can verify (1.16) by using the same argument
as in [10, Theorem 5.1] (see also [3, Proposition 6]). We thus omit the details.

(iii) 4 = oo. Then (3.3) yields that limjy_o u(x)/®(x) = co. We show below how to reduce the proof of (iii) in
Theorem 1.1(a) to the case of strong singularities for radial solutions of an approximate problem (3.6) treated in
Theorem 3.1. We reason as in [9, Lemma 4.12], using Lemmas 5.1 and 5.3 to deduce that for every € € (0, 1),
there exists r, € (0, 1) and a function v, satisfying (1 —&)u < v, < (1l + &) uin B with v, a positive solution of

~div (A() V9P 2Vv) + 67 v Ly (1) Ly(v) = 0 in B, := B, \ {0}. (3.6)

Moreover, if v is any positive solution of (3.6), then as in [3, Lemma 4], we can obtain two positive radial
solutions of (3.6) in B; ,, say v, and v*, such that for a sufficiently large constant K > 1, we have
K'v<v. <v<v <Kv inBj . 3.7

We observe that any positive radial solution of (3.6) in B* satisfies

dir (ML) P2V (1) = PVTTL ) L) vir) - for 1 = [x] € (0, 1). (3.8)

In view of (3.7), to conclude the assertion of (iii) in Theorem 1.1(a), it is enough to prove Theorem 3.1 below.

Theorem 3.1. Let Assumptions (A1)—(A3) hold. Suppose that b(x) l(®) € L'(B; 2). Let v be any positive solution of
(3.8) with a strong singularity at 0.

(@) If g < g, then v(r) ~ ii(r) as r — 0, where it is given by (1.17).
) If g = q., then assuming either (1.13) or (1.14), we have v(r) ~ ii(r) as r — 0, where ii is given by (1.18).

A major advance in this paper compared with Cirstea and Du [10] (where A = 1) is the analysis of the critical case
and the derivation of the asymptotic behaviour of the strong singularities. Our contribution here is the development
of a perturbation technique suitable for the critical case g = q.. Unlike the subcritical case, where the power model
corresponding to A = b = 1 and h(¢) = 11971t was completely understood due to Friedman and Véron [14] (see also
Remark 1.2), in the critical case we had no model in the literature to provide us with intuition on the asymptotics of
strong singularity solutions. As we reveal in our paper, the critical case is important in the non-power nonlinearity
case as it represents the threshold between having a trichotomy classification (as in Theorem 1.1(a)) or no singularities
at all as in Theorem 1.1(b), all depending on whether or not b(x) 4(®) belongs to L' (B, /2)-

The proofs of Theorem 3.1(a) and (b) are intricate, each being composed of three main steps. First, we shall prove
here the critical case ¢ = ¢. < oo, while also pointing out the major differences between the subcritical and critical
cases. Under the assumptions of Theorem 3.1, let v be any positive solution of (3.8) with a strong singularity at 0. A
change of variable y(s) = v(r) with s = ®(r) moves the singularity from r = 0 to s = oo for the equation

- —p+ —1+0 d
YOIy () = b L) L) D9 d—;"] for 5 € (0, o), (3.9)

(p-1

where, for simplicity, we denote y'(s) = dy/ds and y’(s) = d*y/ds>.

Step 1. Fix 19 > 0 small. For every ¢ € (0, 1) small, there exists r. € (0,1) such that (1 — &) v_, and (1 + &) v, is
a sub-solution and super-solution of (3.8) for 0 < r < rg, respectively, for every n € [0,n9]. Moreover, it holds that
lim, o+ V4, (r) = @(r) for every r € (0, 1], where it is as in Theorem 3.1.
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The local one-parameter family v, of sub- and super-solutions of (3.8) is constructed such that v.,(r) converges
to @(r) as n approaches 0*. The function i in Theorem 3.1 is regularly varying at O with index —my, where mg and m;
are given by (1.10). The definition of v.,, in the subcritical case is different from that of the critical case as follows.

In the subcritical case g < g., we define v, in (3.30) as a regularly varying function at O with index — (1 £ i) mg
(here my > my). We shall check the assertion of Step 1 in §3.2.

In the critical case ¢ = g. < co, we have my = mp,, that is, # has the same index of regular variation at O as the
fundamental solution @ in (1.8), namely —my;. In this case, v., is defined by (3.23) as a regularly varying function at
0 with index —m,. We shall verify Step 1 in §3.1 with the change of variable y.,(s) = v.,(r) where s = ®(r). Notice
that when either (1.13) holds or (1.14) holds, by the definitions of i in (1.18) and v.,, in (3.23), we infer that

u(r . u(r
im ():Oand lim )
r—0* Vn r r—0t V_,] r

= oo for every n € [0, n0]. (3.10)

Step 2. The functions v, and v_, constructed in Step 1 satisfy the following property:

im 22 20 and  tim 2 - . (3.11)
r—0* V,](}") r—0* v,,,(r)

In both the subcritical and critical cases, since v has a strong singularity at 0, that is v(r)/®(r) — oo as r — 07,
then we have y(s)/s — oo as s — oo. Using that y”(s) > 0, we find that y’(s) is increasing so that lim_,, y'(s) = oo.
As the function s — sy’(s) — y(s) is increasing on (0, o) and lim,_,, y(s) = co, we see that

7
sy'(s)

lim inf > 1. (3.12)
e y(s)

In the subcritical case, we shall use (3.12) in Lemma 3.3(b) of §3.2 to improve the behaviour of the solution v of
(3.8) from dominating near zero the fundamental solution @ (of index —m;) to dominating any function f regularly
varying at zero with index —«, where my < « < mg. We deduce (3.11) by using Lemma 3.3 with f = v, since the
index of regular variation at 0O for the function v, (respectively, v_;) is smaller (respectively, bigger) than —my. We
point out that Lemma 3.3 relies essentially on the assumption that g < g. and cannot be adapted to the critical case.

Hence, in the critical case, we need a new argument that takes into account that v,,, varies regularly at O with the
same index as iz. We now prove Step 2 in the critical case.

Proof of Step 2 for the critical case q = q..

The main ingredient in the proof of (3.11) is given by the following

0 < timinf 22 < timsup 22 < oo, (3.13)
r—0*  i(r) o+ (r)

By combining (3.10) and (3.13), we conclude (3.11) in the critical case.

Proof of (3.13). Using (3.4) and (3.12), we infer that lim sup,_,, sy”(s)/y’(s) < oo. Indeed, by (3.9), we have
Ly,(7r)
La(r)

where T is given by (1.9). For sy > 0, there exists a large constant C > 0 so that s — sy’(s) — Cy(s) is non-increasing
for all s > s. It follows that ¢ = lim sup,_,, sy’ (s)/y(s) < oo. From (3.12), we can take so > 0 large such that

P70 Ly(y(s)) [y()] <P (3.14)

sy"(s) 1 [y(s)

p-1
= 'S -r
v p-1 sy/(s)} LYl

1 /
P rALY () <2¢ forall s> s. (3.15)
2 )
In view of Remark 3.1, we find that In y(s) ~ In s as s — oco. Consequently, as s — oo, we obtain that
m{ Ly (1/r) ~ Ly,(s) ~ Ly(¥(5)) if (1.13) holds;
, s _ ' (3.16)
(mo) ™ [La(1/y ()77 Ly(1/3(s)) ~ [La@ ()] 77 Ly(@ () if (1.14) holds,
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For all s > s, by using (3.15) and (3.16) in (3.9), we find positive constants ¢; and c¢; so that

Cgtp— d
¢ rN—lJro'Lb(r) h((D(r)) < [y/(s)] q+tp 2y”(s) d_s < chN71+(TLb(r) h((D(r)) if (113) hOldS;
J 4 J (3.17)
cla[F(l/y(S))] <O y(s) < ng[F(l/y(S))] if (1.14) holds,
where F is defined by (1.15).
Case 1: Assume that (1.13) holds.
Since y’(s) — oo as s — oo, by integrating (3.17), we obtain that
3F@7(5) < [Y ()] 777 < ey F(@7'(s5)) forall s > s, (3.18)

where c¢3 and ¢4 are positive constants. Using (3.15) in (3.18), then reversing the change of variable y(s) = v(r) with
s = @(r), we infer that there exist positive constants cs and cg such that

s [F(P] 77 O(F) < v(r) < ¢ [F(H)] 77 O(r)  for all r € (0, ®~(sp)). (3.19)

Hence, using (1.9) and the definition of i in (1.18), we conclude Step 2 in Case 1.

Remark 3.2. Notice that when (1.13) holds, the existence of a solution v of (3.8) with a strong singularity at zero
implies that b(x) h(®(|x])) € Ll(Bl/z). Indeed, fixing ry € (0, O (s0)), then for every € € (0, ry), by integrating the
first inequality in (3.17) with respect to r from € to ry, and letting € — 0, we conclude the claim (using Remark 1.1).
A more general statement is proven later in Lemma 4.2.

Case 2: Assume that (1.14) holds.

By twice integrating (3.17), we find positive constants c3 and c4 such that

d V(s)
c3 < — f [F(1/1)] T dt| < ¢4 forevery s > sg.
ds \Jycs)

We thus conclude that

() 1 ¥(s) 1
)jsz) [F(1/0))7 dt f) :;) [F(1/0)]7 dt
0 < liminf < lim sup < o0,

§—00 N s—00 N

This, jointly with (1.9) and the definition of i in (1.18), proves the assertion of Step 2 in Case 2.
Step 3. Proof of Theorem 3.1 concluded.

Proof of Step 3. The reasoning is the same for the subcritical and critical case. It is based on the previous two
steps and the following comparison principle to be used frequently in the paper.

Lemma 3.2 (Comparison principle, see Theorem 2.4.1 in [19]). Let Q be a bounded domain in RN with N > 2. Let
u,v € C\(Q) satisfy (in the sense of distributions in D'(Q)) the pair of differential inequalities

—divA(x,Vu) + B(x,u) <0 and —divA(x,Vv)+ B(x,v) >0 inQ.

Suppose that A : Q X RN — RN jsin L (X RM and B: QxR — Risin L2 (Q X R) such that B = B(x,z) is

loc
independent of & and non-decreasing in z, whereas A = A(x, &) is independent of z and monotone in &, that is

(A(x, &) —A(x,m),E—n) >0 when & #1.
Ifu <vondQ, thenu <vin Q.
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Let € € (0,1) be small and 7, € (0, 1) be as in Step 1. Fix 5 € [0, 7] arbitrarily. Then, (1 + &) v,(r) + v(r,) and
v(r) + @(r,) are super-solutions of (3.8) for r € (0,7,). By (3.11) and Lemma 3.2, we have

v(ir) (1 +&)v(n)+v() and (1 -&)v_y(r) <v(r) +ii(ry) forall0<r <. (3.20)
Since r, is independent of 77 € [0, 770], by letting 7 — 0" in (3.20), we find that
vir) <A +e)i(r)+v(ry) and (1 -g)i(r) <v(r)+ii(ry) forallO<r<rg. (3.21)
By letting r — 0" in (3.21), we deduce that
v(r)

l—ggliminfﬁ <limsup — <1+e. (3.22)
=0+ i(r) o+ ()

Finally, by passing to the limit &€ — 0" in (3.22), we conclude that v(r) ~ ii(r) as r — O*.

3.1. Proof of Step 1 in the critical case q = q. of Theorem 3.1

In this subsection, it remains only for us to establish the claim of Step 1 as outlined in the proof of Theorem 3.1.
We first give the construction of a local family of sub- and super-solutions of (3.8). Let F be given by (1.15) and ¢ > 0
be a large constant. Fix 17 € (0, 1) small. Then for any 7 € [0, n9], we define v,,(r) for r > 0 small, as follows

L (rmmd T o0 BN
Van(r) := Cy, e f [F@' ()] 7" dr if (1.13) holds,
¢ (3.23)

Vi () sy | mlm(;CI*l*f _rHITl .
f [F(1/t)]eT dt = C&p ﬁ O(r) if (1.14) holds.

We set y.,(s) = vay(r) with s = O(r). Using y,, (s) and y7, (s) to denote dy.,/ds and dzyi,, /ds?, respectively, then

L (1, 0)"

(0= 1) (%) 30 =

% [(y;,,<s>)“’*+"“” : (3.24)

Step 1. For every € € (0, 1) small, there exists s, > 0 large such that (1 — &)y_, and (1 + &)y, is a sub-solution
and super-solution of (3.9) for s > s, respectively, for every n € [0, 10].

From (3.23), we find that

o1
L (mamy Y e )
Cy, Tz7 [F(r)] o= if (1.13) holds,
V() = o (3.25)
X mlmaq*_l_j qs—p+1 s :
- q=p+ :
Cyl —Tig [F(1/y(5))] if (1.14) holds.
Moreover, we obtain the following asymptotic equivalence (uniform with respect to 77)
Iny.,(s) ~Ins and sy’i,,(s) ~ Viy(8) as s — oo. (3.26)
From (3.26), we deduce the following asymptotic equivalence as s — co (uniform with respect to 1)
mth(l/r) ~ Lp(s) ~ Ly(y+p(5)) if (1.13) holds;
. e » _e . ) (3.27)
(mo) ™ [La(1/yey(sD| 7" Lo(1/ysy(s) ~ [La@' ()] 7" Ly(@7'(s))  if (1.14) holds.
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T(r) §Vin(s)

We introduce the notation X,(s) := , where T is given by (1.9). We also denote R.,(s) as follows

my  yin(s)
Y 11
nzo(yh—((i)r)) [F(T [K ()] if (1.13) holds,
Ra@ =) LAy | Lyl (3:28)
—j | LAUYiplS =t Lp(L/yan(s 7 g+l
o | Lo i) @) [FQ/yen(n] " [Ken()]" if (1.14) holds.

Since mg = my for q = q., using (1.9) and (3.26), we infer that lim,_,., X4,(s) = 1 uniformly with respect to 7. Hence,
using (3.27), we derive the following asymptotics as s — oo (uniform with respect to 1)
[F(r]*" if (1.13) holds,
Ry (s) ~

. 3.29
[F(/yen(sp]™ if (1.14) holds. 329

The right-hand side of (3.24) equals the product between R.,(s) and the right-hand side of (3.9) for y = y,,. By the
definition of F in (1.15), we have lim,_,o+ F(r) = 0. Since ¢ > p — 1, using (3.29), we conclude Step 1.

3.2. Proof of Steps 1 and 2 in the subcritical case q < q. of Theorem 3.1

We need only to justify the first two steps in the outline of the proof of Theorem 3.1. We shall adapt the perturbation
method initiated by Cirstea and Du in [10]. We construct a local family of sub-and super-solutions of (3.8). Fix
1o € (0, 1) such that 2no(p — 1)M < 1, where M is the positive constant given by (1.17). For every n € [0, no], we
define the function v, and the constant C, > 0 as

Van(r) = Cay[a(n]™ for r € (0,1) where C4P" = (1P [1 £yM(p - 1)]. (3.30)

From this definition, we have that lim, o+ v, () = @(r) for every r € (0, 1) and lim,,_,o Cy, = 1.

Step 1. For every € € (0, 1) small, there exists r, € (0, 1) such that (1 — &) v_, and (1 + &) vy is a sub-solution and
super-solution of (3.8) for 0 < r < r,, respectively, for every n € [0, nol.

Cram. We see that i satisfies (3.8) asymptotically as r — 0*.

Proof of Claim. Let ry € (0, 1) be small so that ii(ry) > ty, where 1, is as in Remark A.4. For all r € (0, ry), we set
_ , -2,
Quy(r) := VL) OV, 0,

a(r) Ly@m) _a@a’ )
Ly (ia(r)) [ (r)]?

P(ry=M|g+1+

4 i 3.31
RN

Ly(r) ) ri(r)
One can verify that lim,_,o+ P(r) = 1 using the definition of M in (1.17). By differentiating (1.17), we find that

[(r)]**!

w(r)

Qo(r) = MV "7 L, (r)

Ly(a(r)) forall r € (0, rp). (3.32)

The claim follows since Q((r) equals the product between P(r) in (3.31) and the right-hand side of (3.8) for v = .

By twice differentiating (3.30), we obtain that

0u(r) = [Cop@ 1] LY 04,

dQ. N y ) . d (3.33)
= [cuyt 2] Lo {in(p DM [E)I L) Ly(r) 714 + %}.
Hence, using (3.30) and the above claim, we find the following asymptotics (uniform with respect to 1)
in’? q N-1+o ~ ~ +n(p—1) +
o "G Ly(r) Ly(@(r)) [a(n)] =77 as r — 07, (3.39)
-
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From Remark A.4 in Appendix A, the function ¢ — t97P*! L, (1) is increasing on (0, o) so that
Liy@'™") [a(] ™" 7D < Ly(a(r) < Ly(@ ™) [a(r)]" 0
for every r € (0, r9) and all i € [0, n70]. This, together with (3.30), implies that for every r € (0, ry) and all € [0, n70]
=C2, Ly(a(r) [A()]*107D < 2L, (v (1) Ca) v (D] (3.39)

Since g > p — 1, from (3.34), (3.35) and Proposition A.1 in Appendix A, we conclude the proof of Step 1.
Step 2. Any positive solution v of (3.8) with a strong singularity at 0 satisfies (3.11).

Since v., is regularly varying at O with index — (1 + 17) mp, we conclude Step 2 based on Lemma 3.3 with f = v,.

Lemma 3.3. Let (A)—(A3) hold and q < q.. Suppose that v is a positive solution of (3.8) with a strong singularity at
zero. Let f be a regularly varying function at zero with real index —k. With mq given by (1.10), the following hold:

(a) If k > my, then lim,_o+ v(r)/ f(r) = 0.
(b) If k < my, then lim,_o+ v(r)/ f(r) = oo.

Proof. We adapt ideas from Cirstea and Du [10, Theorem 1.4].

(a) The a priori estimates in (3.1) (see Lemma 5.1 for a proof) show that v is bounded from above near zero by
a regularly varying function at O with index —my. The assertion now follows easily since every regularly varying
function at 0 with positive (respectively, negative) index must converge to O (respectively, co).

(b) Since k < my, we can choose g; € (g, g.) sufficiently close to g such that k < (p + o — #)/(gq1 — p + 1). Then,
lim;—, 1979 Ly, (f) = 0 (see Remark A.1 in Appendix A) and using (3.12), we can let 57 > 0 large and find that

Ly(y() ()17 < [y(9)/2]" < s [y (9)]"  forall s > 5. (3.36)

We set f,, (r) = N L (N[D(r)]? for r € (0,1). Since ® is regularly varying at 0 with index —m;, (see (1.9)),
we find that f;, is regularly varying at O with index N + o — gimy — 1, which is greater than —1. This gives that

1 5 _ 1
f0+ S (&) dé < co. Moreover, the function F,, (r) = fr ¢ [ fOT Ja (&) d{;‘] 77 |@'(1)| dt is regularly varying at zero
with index —(p+0—9)(q; — p+1), which is less than —« from our choice of g;. We thus have lim,_,o+ F, (r)/ f(r) = co.

We conclude that lim,_o+ v(r)/ f(r) = co by showing that liminf,_o+ v(r)/F, (r) > 0. Indeed, we see that

lim o Fv(r)) = liminf Y(s) S (3.37)
r—0* r §—00 . O-1(1) iy
. L6 f@de] ™ an
From (3.9) and (3.36), we deduce that
) Vo d(@\(s))
()] y"(s) < —— : F (@7 (s5)) — for all s > s. (3.38)
p- s
Recall that lim;_,., y'(s) = oo since v has a strong singularity at 0. Thus, by integrating (3.38), we obtain that
PR N,
(@ -p+DCPT oo ar-r
Y (s) = - P j; fo (&) dE for all s > so,
which shows that the right-hand side of (3.37) is positive. This concludes the assertion of Lemma 3.3(b). O
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4. Proof of Theorem 1.1(b): Removability of singularities

Throughout this section, we let Assumptions (A;)—(A3) hold. The proof of Theorem 1.1(b) relies on two main
ingredients, whose verification is postponed to the end of this section.

Lemma 4.1. Ifu is a positive solution of (1.4) such that limyy_,o u(x)/®(x) = 0, then there exists limy_o u(x) € (0, c0)
and limyy0 |X||Vu(x)| = 0. Moreover, u can be extended as a continuous positive solution of (1.4) in B;.

This result, which was also invoked in the proof of Theorem 1.1(a)(i), generalises [10, Lemma 3.2(ii)] (where
A = 1) and [3, Proposition 3] (where p =2, b = 1 and h(u) = u?).

Lemma 4.2. If (3.8) has a positive solution with either a weak or a strong singularity at 0, then b(x) h(®) € L (B1)2).

We show how to use Lemma 4.1 and Lemma 4.2 to finish the proof of Theorem 1.1(b). We thus assume that
b(x) h(®) ¢ L' (B, ,2) and prove that any positive solution of (1.4) can be extended as a positive solution of (1.4) in B;.
By Remark 1.1, we have g > g., with g, as in (1.11). Our argument is twofold:

Case 1: g > g..

Since my < my, the claim follows from Lemma 4.1 and the a priori estimates in (3.4). Indeed, we have
lim sup,_,o u(x)/T(|x]) < oo for a function 7" regularly varying at 0 with index —mo. Using that ® € RV_,,(0+),
by Remark A.1 and Definition 2 in Appendix A, we find that lim,_,o+ 7(r)/®(r) = 0 so that limy—0 u(x)/®(x) = 0 for
any positive solution u of (1.4). Then, by Lemma 4.1, we conclude the proof of Theorem 1.1(b).

Case 2: g = q...

The previous argument no longer applies since 7 and ® are now regularly varying at O with the same index —m.
Hence, T/® is slowly varying at O, whose behaviour at 0 is, in general, undetermined as illustrated by Example 1 in
Appendix A. In view of Lemma 4.1, we conclude the proof by showing that limy,_, u(x)/®(x) = 0.

Assuming the contrary and using (3.3), we deduce limy—,o u(x) = co. Then there exists k € (0, 1/2) and a positive
solution v, of (3.8) for 0 < r < k such that Cyu < v, < C; in B}, where C; and C, are positive constants. Thus, by
Lemma 4.2, we cannot have lim SUP|i0 u(x)/®(x) € (0, c0]. This completes the proof of Theorem 1.1(b).

Proof of Lemma 4.1. Let u be a positive solution of (1.4) such that lim_,o u(x)/®(x) = 0. For convenience, we define

6 := lim sup u(x).
[x]—0

By the comparison principle (Lemma 3.2), we find as in [10, Lemma 3.2] that 6 < co. Since (1.3) fails for our general
assumption (A ), we cannot invoke [22, Theorem 1] to conclude the proof, unlike the case A = 1 treated in [10].

We show below that 6 > 0. In the special case p = 2 and h(f) = ¢ of [3], the claim follows by a reduction to radial
solutions, coupled with a change of variable and [23, Theorem 1.1]. For our general divergence-form equation, we
require different ideas that are inspired by [9, Lemma 5.2].

Since Assumptions (A;)—(A3) hold and 6 < oo, there exists a positive constant C such that

b(x) h(u) < CIx|"Ly(Ix) u?™" forall 0 < |x| < 1/2.
Similar to Step 2 of [9, Lemma 5.2], we construct a positive radial solution v, of
—div (A(x]) [VVIP72Vv) + CIxITLy(IxD v~ =0 for 0 < |x] < 1/2 4.1

such that vo,(|x]) < u(x) for 0 < |x| < 1/2. By a contradiction argument and Lemma 3.2, we find that the radial
solution v, of (4.1) has a non-negative limit at 0. To conclude that 8 > 0, it suffices to show that lim,_,g+ Ve (r) > 0.
By assuming that lim,_,o+ vo(r) = 0, we arrive at a contradiction as follows. We use the change of variable z(s) = v (7)
with s = @(r). Then, we have lim,_,. z(s) = 0. Moreover, z is a positive solution of the ordinary differential equation
p-2 dZZ

ds2 CirN L) [2(s)1P !
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dz
ds

dr

—l for s € (®(1/2), 00), 4.2)
ds




where C; denotes a positive constant. Since z”/(s) > 0, then z’(s) is increasing on (P(1/2), co) with lim_,c 2'(s) = 0.
Therefore, using (4.2), we find that

L
p-1

=~ D! (1)
o(s) = sz (f EVTITLLE) [2( @) df] dr for s> ®(1/2),
s 0

where C, is a positive constant. Since z is decreasing, we infer that

o0 O1(1) =
1/C, < f ( f ENTITLL(E) dg] dt forevery s > ®(1/2). 4.3)
s 0

Let V(s) denote the right-hand side of (4.3). We claim that V(s) is well-defined and V(s) — 0 as s — oo. Indeed, we
have ® € RV_,,,(0+) and thus ®~' € RV_j,,(c0). Note that r —> for ENTIHT L, (€) dE is regularly varying at 0* with
positive index given by o + N. Consequently, V is regularly varying at co with negative index (p + o —3)/(p — N —19)
so that the claim follows. Then, (4.3) leads to a contradiction, which proves that lim,_,o+ ve(r) > 0 and, hence, 6 > 0.

To obtain that limyy_,o u(x) = 6, limjy-o |x|[Vu(x)| = 0 and (1.7) holds for all ¢ € C Ll (B1), we proceed as in the
special case of [3, Proposition 3]. Since the ideas are very similar, we skip the details. O

Proof of Lemma 4.2. We show that b(x) h(®) € L'(B, /2) is a necessary condition for the existence of a positive solu-
tion of (3.8) with a weak or strong singularity at 0. Let v be a positive solution of (3.8) with lim,_,o+ v(r)/®(r) = 1 # 0.

First, we consider the case 1 € (0, ). Let ®~!(r) denote the inverse of @, which exists for any t > 0. By the
change of variable y(s) = v(r) with s = ®(r), we find (3.9). Since v(r) ~ AD(r) as r — 0*, we have y(s) ~ As as
s — oo. Using that d%y/ds* > 0, we get that dy/ds is increasing on (0, o) so that lim,_,, dy/ds = 1. We define A by

—p+1
A(s) = %[@‘%s)]’v‘“%b(dﬂ(s)) Ly(s) s"™2

d
_r‘ for s > 0 large. “4.4)
ds

Since L, € RVy(co) and y(s) ~ As as s — oo, we have L,(y(s)) ~ Ly(s) as s — co. We apply (3.26) to (3.9) to get that

2

d—i ~ AT as s — oo,
N

y'(s) > A as s — oo,

(4.5)

By Taliaferro [23, p. 96], we get that foo t97P*2\(t) dt < oo. Then applying a change of variable r = ®~!(¢) and using
Remark 1.1, we obtain that b(x) h(®) € L' (B ).

Secondly, let 2 = co. We adapt ideas from the proof of [9, Lemma 5.8]. Choose m € (p — 1, g..) and for ¢ > 0, set
x(® = 17" L, (). By the property in (A.2) in the Appendix A, we have lim,—, £y’ (¢)/x(¥) = g. — m > 0 and, hence,
x(®) is increasing for r > 0 sufficiently large. Since lim,_o+ v.(r)/®(r) = oo, there exists a constant ag > 0 such that
v.(r) = ap®(r) for all 0 < r < 1/2. Then there exists a constant ¢ > 0 such that

L) vE > cy(@(r))v" forall r € (0,1/2]. 4.6)
Define a function b(r) := ¢ ¥ Ly(r) X (®(r)) for r € (0, 1/2]. We construct a positive radial solution v, of
—div (A(x]) [VVIP72Vv) + D(a) V™ =0 in BT/Z 4.7

such that v, < v in B} 12 Then, v., has a strong singularity at 0*. Since y € RV, _,,(c0), we find that b € RV5(0+)
with & given by m(N + 0)/q. — N, which is greater than © — p from our choice of m. We note that (4.7) corresponds
to (3.8) in the critical case with r"Ly(r) = b(r), L, = 1 and ¢ = m, where (1.13) holds. Using Remark 3.2 on (4.7),
and the definition of b, we conclude that b(x) h(®) € L' (B, ;2). This completes the proof of Lemma 4.2. O
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5. Basic tools

Throughout this section, let Assumptions (A|)—(A3) hold. Our aim is to prove the basic tools used in this paper: a
priori estimates (Lemma 5.1), a spherical Harnack-type inequality (Lemma 5.2) and a regularity result (Lemma 5.3).

Lemma 5.1 (A priori estimates). For any ry € (0, 1/2), there exists a positive constant C, depending on ry, such that
(3.1) holds for every positive (sub-)solution of (1.4).

Proof. Fix xy € RN with 0 < |xg| < rp. We denote p := |xp|/2 and p’ := p/(p — 1). Let

1 g+l 1

a=p | L, P AT L]
{r):=r > [ﬁ for r € (0,79] and f(¢) := — (D] 1 fort >0 large. 6.1

Lay [T IO de
Let ¢ > 0 be a positive constant. We define § = S, : B,(xp) — R by
© _1 x = xo\*"
f 7 [Ly®] 7 dt = cl(xo)) |1 — | —— for every x € B,(xo). 5.2)
S(x) P

Claim: There exists a small positive constant ¢ depending on ry, but independent of xy such that the function S
defined by (5.2) is a super-solution of (1.4) in B,(xo), namely for hy as in Remark A.4, it holds

div (A(|x]) [VS[P2VS) < b(x) by (S) in B, (x). (5.3)

Suppose the claim holds. Since S(x) — oo as |x — xo| — p, by the comparison principle of Lemma 3.2, we find
that u < S in B,(xp). In particular, we have u(xp) < S(xp). Since { is regularly varying at 0" with positive index
(p+ o —1)/p, we have lim,_,- {(r) = 0 so that sup,_,,, {(r) < co. Since the right-hand side of (5.2) is bounded from
above by c¢sup,_,,, {(r), for every M > O there exists a small positive constant ¢ (depending on M and ro) such that
S > M in B,(x) for every 0 < |xo| < rp. Using (5.1) and (5.2), we find that

[S (x)1?P*! Li(S (x0)) = [ (1o £ (S (ro))] ™7 - (5.4

We fix M > 0 as large as needed. Let i; and A, be as in Remark A.4 of Appendix A. We can thus assume that
hy(t) < 2t9L,,(¢) for all + > M. By Karamata’s Theorem in Appendix A, we have lim,,, f(#) = (¢ —p+ 1)/p > 0.
Since u(xp) < S(xp), using (5.4) and (A.1), we can find a positive constant C; = C;(ry) independent of x; such that

[x01”b(x0) h(u(xo)) < |x01”b(x0) a2 (S (x0)) < 2 b(xo) <. (5.5)
Allxol)  [u(xo)]r-! Allxo)  [S(xo)P~! ™ [ef(S (x0))]P [x0l” Ly(Ix0])
Since (5.5) holds for every 0 < |xg| < ry, we conclude the assertion of Lemma 5.1.
Proof of Claim. By (5.2), we find that
VS (P2 (x) = (ep')"™" p7 [(1xoD]”™" [S97(0) Li(S (x)] 7 (x = x0)  in By (x0). (5.6)

Using f given by (5.1), we denote by T, (x) the following quantity

Ix — xo "'( S(x)LL(S(x))) (|x—xo|)P' ( Il A’ (Ixl) (x = xo) - x
_ 1+ — S 1- N 5.7
( ? ) LR IR A ? TTARD P ©7)
With T, (x) given by (5.7), we derive that
. ) " Il \" La(x)
div (A(Ix) [VS]P2VS) = (p') <2c>"(®) T oy ol LoD S L) T ) (5.8)
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By Assumption (A;) and Remark A.4 in Appendix A, we have lim, o+ »A’(r)/A(r) = & and lim, o, tL;(£)/Ly(t) = 0.
Recall that lim,_,., f(f) = (¢ — p + 1)/p. Moreover, by Proposition A.1 in Appendix A, there exist positive constants
¢; (0 < i < 3) depending on ry, but independent of x; such that

co La(lxol) < La(x) < 1 La(lxol) and ¢z Lp(|x]) < Lp(Ix0l) < 3 Lp(|x])

for every x, xo such that 0 < |xo| < ry and |x|/|xo| € [1/2,3/2]. Thus, using (1.6) and (5.8), we conclude (5.3) by taking
in (5.2) a small constant ¢ > 0 depending on ry, but independent of xy. This completes the proof of Lemma 5.1. [

Lemma 5.2 (Harnack-type inequality). Fix ry € (0, 1/2). There exists a positive constant K (depending on p, N and
ro) such that for every positive solution u of (1.4), we have (3.2).

Proof. We first observe that (1.4) is equivalent to

. _ A (|x]) L Vu-x  bx)h(u) .
~div (|Vul"*Vu) + [Vul? + u'=0 inB". (5.9)
Alxl) |x| A(|x]) ur!
Let b, and b, denote two non-negative functions as follows
A" (|x])l b(x) h(u)
b = d [b Pi=———2 for0 < rp. 5.10
1(x) A and [by(x)] A ] or0 < |xl <rg (5.10)

By (1.5) and Lemma 5.1, there exists a positive constant C, depending on ry, such that
|x| b1(x) < Cy and |x|by(x) < C; forall 0 < |x| < ry. (5.11)
Fix xo € RY such that 0 < |xo| < ro/2 and set p := |xp|/2. We use u to denote
M= gy i= max{[|by |z, (o) 1B21lL= 8,00 }-
Since p < |x| for every x € B,(xp), from (5.11) it follows that
pu < C  forevery x € B,(xp). (5.12)
We apply the Harnack inequality of [25, Theorem 1.1] for (5.9) on Bj,,,2(xo) where the structure conditions in (1.2)

and (1.3) of [25] are satisfied with ¢y = 1 and a; = by = b3 = 0 for i € {1,2,3,4}. Hence, there exists a positive
constant k, depending only on p, N and py, such that

sup u(x) <k inf u(x). (5.13)

Xx€B,/3(x0) X€Bp3(x0)
By the covering argument in [14], any two points x; and x, in RY such that 0 < |x;| = |x,| < ry/2 can be joined by
ten overlapping balls of radius |x;|/6 with centres positioned on 0B, |(0). Thus, by (5.12) and (5.13), we obtain (3.2)
with K = k'°, where K is a positive constant depending on p, N and ry. O

Lemma 5.3 (A regularity result). Fix ro € (0,1/4) and 6 > 0. Let g € C(0,1) be a positive function such that g is
regularly varying at 0 with index —6. Suppose that u is a positive solution of (1.4) and Cy > 0 is a constant such that

0<ulx) <Cog(x]) for0 < |x| < 2r. (5.14)
Then there exist positive constants C > 0 and « € (0, 1) such that

IVu(x)l < C S g IVu(x) — Vu(x)| < C 8(x0)
|X| |x|1+af

lx — x| (5.15)

for any x, x in RN satisfying 0 < |x| < |x'| < r.
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Proof. We use an argument close to [10, Lemma 4.1], which is similar to [14, Lemma 1.1] (see also [3, Lemma 3]).
There is, however, one essential difference with respect to the derivation of the first inequality in (5.15). We show
below the main modifications compared with [10, Lemma 4.1].

Using (5.9) and defining ¥ as in (4.5) of [10], that is Wg(£) := u(BE)/g(B) for & € [, where B € (0,70/6) is fixed,
we see that W satisfies an equation of the form (4.3) of [10], namely

—div(|V‘I’ﬁ|p‘2V‘Pﬁ) +Bg=0 inI, wherel':={ye RY: 1<yl <7). (5.16)
However, instead of (4.7) in [10], the expression of By is more complicated here, involving a gradient term, namely

B WuBE)  PABED V&)
b - VP2 227 »
e P aEea) T Ape) VA T g

Cramv: The functions Vg and Bg are in L™ (') with their L*-norms bounded above by a positive constant indepen-
dent of B € (0,1y/6).

Bg(é) = foréeTl. 5.17)

Proof of claim. For Wg, we can proceed exactly as in [10]. We thus need to prove the claim only for Bgz. Using
Lemma 5.1 and (5.14), jointly with (4.10) in [10], we find that the L*(I")-norm of the first term in the right-hand side
of (5.17) is bounded above by a constant independent of .

Assume for now that the first inequality in (5.15) is proved. Then we can infer that [VW3(€)| < Cg(BI€])/g(B) for
every ¢ € I'. Hence, using (5.11), as well as (4.10) in [10], we could conclude the claim for Bz given by (5.17).

Since B € L®() and ¥ € L) N W"P(T') is a weak solution of (5.16), from the C"?-regularity result of Tolksdorf
[24], we conclude that there exist constants @ = a(V, p) € (0, 1) and c=C (N, p, ¥l IBll=a)) > 0 such that

IV¥|lcoaq) < C, where T :={y e RN : 2 < |y| < 6}. (5.18)

This fact is then used to derive the second inequality in (5.17) (see [10] for details).

Proof of the first inequality in (5.15). Our proof here is different from both [10, Lemma 4.1] and [3, Lemma 3]. We
require a new argument to that of [10] as we used the first inequality in (5.15) to derive (5.18). The ideas in [3] work
for the special case p = 2. In our general situation, we apply Theorem 1 in Tolksdorf [24] for the function v in (5.19).
More precisely, let xo € RY be fixed such that 0 < |xo| < 7 and set p := |xp|/2. We define v = Vy, : Bi = (0, 0) by

W) 1= HEOEO) o every v € B (5.19)

&(xol)
Since u satisfies (5.9), by using the formula for Vv derived from (5.19), that is

VW) = —L— (Vu)(xo + py) fory € By, (5.20)
&(lxol)

we obtain that v is a positive solution of the following equation
—div (VP 2Vv) + B(y,v,Vv) =0 in By,

where we define B(y, v, Vv) to be

A o) o2 DY) o) |y B e )y

B(y,v,Vv) =
Y A(x0 + pyl) o+oyl L Axg +py) v

Since |xg + py| € [p, 3p] for all y € By, in view of (1.5) and (5.11), we find that
1By, v, V)| < AV~ + Ay vP! (5.21)

for some positive constants A; and A, which depend on rj, but are independent of xy. Using the assumptions on g,
namely g is regularly varying at 0, we obtain (similar to (4.10) in [10]) that

c8(xol) < gllxo + pyl) < c g(lxol) forally € By,
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where ¢ and ¢ are positive constants, which depend on ry, but are independent of x satisfying O < |xg| < r9. Moreover,
from (5.14) and (5.19), we deduce that

v(y) <cCy foreveryye B.
Thus, in view of (5.21), we can find a positive constant A3 = A3(rp), which is independent of x; such that
|B(y, v,n)| < As(1 +|n|)? forallye Byandn € RN,

Hence, we can apply Theorem 1 in Tolksdorf [24] to obtain a constant A4, which depends on N, p and Aj, but is
independent of x(, such that |[Vv(0)] < A4. This, jointly with (5.20), proves that

[Vu(xp)| < 244 M for every 0 < |xp| < r.

|xo]
This completes the proof of Lemma 5.3. O

6. Proof of Theorem 1.2: Existence and uniqueness

Let Assumptions (A)—(A3) hold. Let /& be non-decreasing on [0, o) and g € C'(0B;) be a non-negative function.
We study the existence of solutions for the following problem

div (A(x)) IVul”2Vu) = b(x) h(u) in B* := By \ {0},

6.1

lim —— =1 ul, =g wu>0 inB"

Ix—0 O(x) 0B,

We treat separately the following cases: 4 = 0, A € (0, o) and A = co. For the construction of a solution of (6.1),
we adapt ideas from [10, Theorem 1.2] (where A = 1), see also [3, Proposition 5], where p = 2, b = 1 and h(r) = 4.
We denote Cp := maxjy=1 g(x). For every n > 2 and 0 < A < oo, we consider the auxiliary problem

div (A(|x]) [VulP~2Vu) = b(x) h(u) in D, := By \ By,
u(x) = 10(x)) + Cy for |x| = 1/n, (6.2)

”|a13l =&

For A = 0, we further assume that g # 0 on dB;. By the method of sub-super-solutions and Lemma 3.2, the problem
(6.2) admits a unique non-negative solution u, 4 ,, which is continuous on D,,. For simplicity, whenever A and g are
fixed, we simply write u, instead of u, 4 ,. By the strong maximum principle (see Theorem 2.5.1 of [19]), we see that
u, positive in D,. Moreover, by Lemma 3.2, we infer that

0 < tps1 < ty < AD(x]) + Co  in D,. 6.3)

By Lemma 5.3, we have that, up to a subsequence, u, — u,, in CIIOC(B*) and, moreover, for some « € (0, 1), we find

that u, , is a non-negative Cl"’(B*) N CB; \ {O})-solution of the problem

loc

{div (A(x]) |VulP>Vu) = b(x) h(u) in B* := By \ {0},
6.4)

“|aBl =&

By the strong maximum principle, u, , is positive in B* (using here that g # 0 on dB; when A = 0). From (6.3), we
find that lim supy,;_, 11,4(x)/©(|x]) < 4. In particular, the problem (6.1) with 4 = 0 admits u, ; as a solution.

Proof of Theorem 1.2(i). It remains to show the uniqueness of the solution of (6.1) with A = 0. Let u; and u, be
two solutions of (6.1) with 4 = 0. To show that u; = u, in B*, we proceed as in Proposition 4 in [3] with modifications
appearing here due to our more general setting. By Lemma 4.1, u; and u, can be extended by continuity at 0. Since
u, u € C'(BHYNC (B_l) with u; = up = g on 0By, then u; = u, in B; would be a consequence of the following claim.
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Claim: We have V(u; — up)(x) = 0 for all x € B*.

Proof of Claim. Assume by contradiction that there exists xg € B* such that |V(u; — u)(xo)| > 0. We fix ry small
such that 0 < ry < min{1 — |xol, |xo|}, which ensures that B,,(xo) C B*. Since u; —u, € C'(B*), by making ry smaller if
necessary, we can assume that [V(u; — up)(x)| > 0 on B,,(xp) and thus [Vu; (x)| + [Vuz(x)| > 0 on B,,(xp). Hence, there
exists a positive constant ¢ such that

(IVuy (0] + Vo (X)) V(= un)(x)]* = o for all x € By, (xo). (6.5)
By Proposition 17.3 in [8, p. 235], we know that there exists a positive constant ¢, such that
(6772 = Il - € =) 2 ¢, (€] + )" |6 = n* for every £, € RY. (6.6)
Thus using (6.5) and (6.6), we find for all x € B,,(xo) that
H(x) = (Vi (O Vg (x) = [Vua ()P > Vuua(x)) - V(g = ua)(x) 2 ¢pco. (6.7)
For any € € (0, 1/2), we denote D, := B; \ B.. Letw.bea non-decreasing and smooth function on (0, co) such that

we(r) € (0,1) ife<r<2e,
we(r) =1 if r > 2e, (6.8)
we(r) =0 if0<r<e.

We choose & > 0 small such that 2& < |xo| — rp, which yields that B, (xy) € D, C D,. Since w,(|x]) = 1 for all
x € Dy, by using (6.7), we arrive at

f we(|x]) A(x)) H(x)dx > f A(x) H(x)dx = ¢p co rif)v min_ A(|x]) :=cpa. (6.9)
D, By (x0)

XEBy, (x0)
Since A € C(0, 1] is a positive function and B, (xo) C B*, we then obtain that ¢,, 4 is a positive constant.

Observe that u;, u, and w, belong to W'P(D,) N L°(D,). We define ¢.(x) := (u; — us)(x) we(x]) for all x € B*.
Since ¢clap, = 0, it follows by the product rule that ¢, € Wé’p (D). Using the density of CLI. (D) in WS’P (D,), we have

f A(lx]) |Vuj|”‘2Vuj -V dx + f b(x) h(u;) pedx = 0 with j = 1,2. (6.10)
D, De

In particular, by subtracting the relation in (6.10) with j = 2 from the one corresponding to j = 1, we obtain that

f we(lxl) A(x]) H(x) dx + f b(x) (h(uy) = h(2)) (uy = up) w(lx]) dx = —K,. 6.11)
D, D,
where H is given by (6.7) and K is defined by
X
K. = f 1" La (1xl) wi(1x0) ey = wa) (IVaur P> Vg = Vol Vary) - 3 4 (6.12)
e<|x|<2e

Since w.(2¢) = 1 and w,(e) = 0 (see (6.8)), we observe that
2¢e
Le = f Ix" P L g (|x]) wi(|x]) dx = IﬁBllf rPNPL (P wi(r) dr < 0B, rr[lazx]{rﬂJ’N_” La(r)).
e<|x|<2e & rele2e

Using that ¢ + N — p > 0 and Ly is slowly varying at zero, we get that lim,_,+ NP4 (r) = 0. (In relation to
Remark 1.5, we note that if ¢ + N — p = 0 and limsup,_,» L4(r) < oo, then we get that lim sup,_,. £, € (0, 0).)
Thus, using (6.12), jointly with |x||[Vu;| — 0 as x| — O for j = 1,2 (see Lemma 4.1), we find that

IKel < (lanllecay + lallmca) Lo max it (Vi (P + Vi (™) - 0as & = 07,
|



Hence, we can fix &£ > 0 small enough to ensure that |K,| < ¢, 4, where ¢, 4 is the positive constant appearing in (6.9).
Since the second term in the left-hand side of (6.11) is non-negative, from (6.9) and (6.11), we get a contradiction.
This proves the claim, which concludes the proof of of the uniqueness of the solution of (6.1) with 1 = 0.

Proof of Theorem 1.2(ii). If (6.1) has a solution for A € (0, o], then b(x) h(®) € L'(By2) from Theorem 1.1(b).
Claim 1: If b(x) h(®) € Ll(Bl/z), then u, , constructed above for A € (0, c0) is a solution of (6.1).

Proof of Claim 1. We need only show that liminfy_ou,¢(x)/®(|x]) > A. We note that (1.12) is equivalent to
fw 17 P*2A() dt < oo, where A is defined by (4.4). Then, by [23, Theorem 2.4], if R > 0 is large, there exists a
positive proper solution of the following problem
d2
d_z = A()[y(£)]97P** for s € (R, o),

s

Y'(s) = A as s — oo and y(R) € (0, ).

6.13)

Using the transformation w(r) = y(s) with r = ®~!(s) and Remark A.4, we obtain that

: p-2 ~ +
{le (A(xD) IVWIP=“Vw) ~ b(x) ho(w(|x])) as |x] = 0", 6.14)

w(r) ~ AD(r) asr — 0",
Hence, for every ¢ € (0, 1), there exists 7, € (0, ®~'(R)) such that (1 — &) w is a sub-solution of
div (A(Ix]) [VVP2Vy) = b(x) ha(v)  in B; =B, \ {0} (6.15)

Recall that u,, 5 ¢, in short u,, represents the unique non-negative solution of (6.2). Since w(r) ~ A®(r) as r — 07 (see
(6.14)), there exists n, > 1 large such that

(1 -e)w(l/n) < A®(1/n) < u,(x) forevery|x| =1/nandalln > n,.
Let C; := max,—,, w(r). Since u, is a positive super-solution of (6.15) due to our choice of /,, by Lemma 3.2, we have
(l-e)yw=<u,+C, forl/n<|x|<r, andalln > n,.

By letting n — oo, we find that (1-&) w < u, ,+C. in B}, . Hence, we conclude that lim inf|y o us,¢(x)/@(|x]) > (1-&)A.
Since & € (0,1) is arbitrary, we obtain that lim inf|y_o ua¢(x)/@(|x[) > A. Since limsup,_,;ua¢(x)/O(x]) < 4, it
follows that u, ¢ is a solution of (6.1) for A € (0, c0).

Claim 2: If b(x) h(®) € Ll(Bl/z), then there exists a solution of (6.1) with A = co.

Proof of Claim 2. Let k be any positive integer and denote by uy, the solution we constructed earlier for (6.1)
with A replaced by k. Then, by the comparison principle (Lemma 3.2), we find that 0 < u g < uz41, in B*. We show
that for every fixed x € By \ {0}, there exists limg_e uxg(x) € (0, 00). Indeed, since |x| > 0, we can fix p = p, such
that 0 < p < min{|x|, 1/4}. Hence, by Lemma 5.1, there exists C, > 0 such that u; ,(y) < C, for all [y| = p and every
k > 1. By Lemma 3.2, it follows that i ,(y) < max{Cy,C,} forall p <|y| < 1 and all k > 1, where Cyp = maxy-1 g(x).
Hence, for all x € B, \ {0}, we can define U 4(x) := limy_,o Uy g(x). Moreover, by Lemma 5.3, we have that, up to a
subsequence, iy, — U g IN CIIOC(B*) and i, is a solution of (6.1) with A = co. This concludes Claim 2 and the proof
of Theorem 1.2(ii).

Proof of Theorem 1.2(iii). Assume that b(x) h(®) € L'(B, /2) and h(t)/t"~" is non-decreasing for ¢ > 0. We show
the uniqueness of the solution of (6.1) in any of the following situations:

(A) 2 € (0, 00);
(B)Ad=ocand g < gq.;
(C) A = 0 and g = g., assuming also that either (1.13) or (1.14) holds.

Indeed, if #; and u, are arbitrary solutions of (6.1) corresponding to the same A and g, then limyy—,o u1 (x)/u2(x) = 1.
This is evident in Case (A), while for the Cases (B) and (C), we use Theorem 1.1(a) to obtain the same asymptotic
behaviour near zero for any positive solution of (1.4) with a strong singularity at 0. The uniqueness claim follows
from Lemma 3.2 as in the proof of [10, Theorem 1.2]. This completes the proof of Theorem 1.2. O
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A. Regular variation theory

The regular variation theory initiated by Karamata in the 1930’s has been very fruitful in statistics in connection
with extreme value theory (statistical estimation of tails, rates of convergence). It also plays a crucial role in probabil-
ity theory (weak limit theorems such as central limit theorem and the weak law of large numbers; branching processes;
stability and domains of attraction; fluctuation theory; renewal theory). The applications are much broader, includ-
ing areas such as analytic number theory, financial engineering and complex analysis (see [2] for a comprehensive
treatment of regular variation theory and its applications).

We recall below the concepts and properties of regularly varying functions needed in this paper, see [2, 20, 26].

Definition 2 (Regularly varying functions).

(a) A positive measurable function L defined on a neighbourhood of  is called slowly varying at oo if

L&t
tlirg % =1 forevery& > 0.
(b) The function r — L(r) is slowly varying at (the right of) zero if t — L(1/t) is slowly varying at co.
(c) A function f is regularly varying at co (respectively, 0) with real index m, in short f € RV, (o) (respectively,
f € RV, (0+)) if f(1)/t" is slowly varying at oo (respectively, 0).

Example 1. Any positive constant function is trivially slowly varying at co. Other non-trivial examples of slowly
varying functions at co are given by:

(a) The logarithm In ¢, its iterates In,, ¢ (defined as InIn,_; ) and powers of In, ¢ for any integer n > 1.
(b) exp(ghes).

(c) exp((Int)”) with v € (0, 1).

(d) exp{(In5)'/3 cos((In1)!/3)}.

Remark A.1. Note that lim,,«, f(f) = oo (respectively, 0) for any function f € RV,,(c0) with m > 0 (respectively,
m < 0). However, the limit at co of a slowly varying function L at co cannot be determined in general, and it may not
even exist (see example (d) above for which lim inf,_,., L(#) = 0 and lim sup,_, ., L(f) = o).

Proposition A.1 (Uniform Convergence Theorem). If L is a slowly varying function at zero, then L(¢ét)/L(t) — 1 as
t — 0, uniformly on each compact &-set in (0, o).

Theorem A.2 (Representation Theorem). The function L is slowly varying at 0 if and only if we have

L(t)=n(t)exp(fcirr)dr), O<t<c

for some ¢ > 0, where n is a measurable function on (0, c] satisfying lim,_o+ n(t) = n € (0, 00) and & is a continuous
function on (0, c] such that lim,_+ &(t) = 0.

Remark A.2. Ifn(t) is replaced by a positive constant n, then the new function 1 is referred to as a normalised slowly
varying function. In this case, (t) = —tL'(t)/L(t) for 0 < t < c¢. Conversely, any function L € CY0, c], which is
positive and satisfies lim,_,o+ tL ()] L(¢) = 0, is a normalised slowly varying function.

Remark A.3. Any slowly varying function at zero is asymptotically equivalent to a normalised slowly varying one.

Theorem A.3 (Karamata’s Theorem at 0). Let f vary regularly at zero with index p and be locally bounded on (0, c].
The following assertions hold:

(a) Forany j < —(p+ 1), we have
N A0
lim ———
=0% [ rif(r)dr
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(b) Forany j> —(p+ 1) (andfor j=—(p+ 1) iffO+ F P f(r) dr < +00), we have

j+1 f
11’1’1 # = J+P + 1.
=0 f() rif(r)dr
Proposition A.4 (Karamata’s Theorem at o0). If f € RV,(00) is locally bounded in [A, o), then

(a) Forany j> —(p + 1), we have

Jj+1
lim tﬂi =j+p+1.
oo [LEf(E)dE
(b) Forany j < —(p+ 1) (and for j = —(p + 1) iffoog‘(””)f(f)df < 00), we have
. 7! f (1) .
lim —————— =—-(j+p+1).
oo [T EIf(£) dE

As in [20], we denote by f the (left continuous) inverse of a non-decreasing function f on R, namely

fO@ =infl{s: f(s) >t}
Proposition A.5 (see Proposition 0.8 in [20]). We have

1. If f € RV,(c0), then lim;_ In f(¢)/Int = p.
2. If fi € RV, (o0) and f> € RV,,,(00) with lim,_,, f>(f) = oo, then

Jiofr €RVpyp,.
3. Suppose f is non-decreasing, f(co) = oo, and f € RV,(c0) with 0 < p < co. Then
[T € RV (o).

Remark A.4. If (A;)—(A3) hold, then by [10, Lemma A.7], there exist continuous functions /#; and A, on [0, o),
positive on (0, o) with /s(0) = h(0) = 0 such that

hi() < h(t) < hp(r) fort € [0, o0),
hi(#)/t"~" and hy(r)/t"~" are both increasing for ¢ € (0, c0), (A.D
hi(t) ~ hp(t) ~ h(t) ast — oo.

Therefore, without loss of generality, we can assume that t —s 1977+ L,(¢) is increasing on (0, o) so that t9L,(¢) is
non-decreasing on (0, o0). Moreover, as in [9, Section 1.2.4], we can take L;, € C?[ty, o) and L;, € C2(0, ry] for some
large constant #y > 0 and ry € (0, 1) such that

tL (1 2L (t rL. (r 2L (r
fim O i TEO o Ty O (A2)
oo Lp(t) 1o Ly(1) =0t Ly(r)  r=0t Ly(r)
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